Elementary Algebra Review

The image to the left of a sun carrier
shell fossil (Stellaria solaris) demonstrates
how a specific sequence of numbers,
called the Fibonacci sequence, occurs
frequently in nature. Problem 92 in
Section R.2 explores the Fibonacci

sequence further.

The Big Picture: Putting It Together

As the “R” in the title implies, this chapter is a review of Elementary
Algebra. The purpose of this chapter is to help you recall mathematical
concepts that you learned in earlier courses. The topics in this chapter
are important building blocks that will help you succeed in this course. R.3

Outline

R.1 Sets and Classification of Numbers

R.2 Operations on Signed Numbers;
Properties of Real Numbers

Perform Operations on Rational
Numbers Written as Fractions

R.4 Exponents; Order of Operations
R.5 Algebraic Expressions

R.6 Square Roots

R.7 Geometry Essentials

R.8 Laws of Exponents

R.9 Add and Subtract Polynomials
R.10 Multiply Polynomials
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CR-2 CHAPTERR Elementary Algebra Review

R.1 Sets and Classification of Numbers

Objectives ®» @ Use Set Notation

@ Use Set Notation
9 Classify Numbers

©) Approximate Decimals by
Rounding or Truncating

@ Plot Points on the Real
Number Line

© Use Inequalities to Order Real
Numbers

A set is a well-defined collection of objects. “Well-defined” means that there is a rule for
determining whether a given object is in the set. For example, the students enrolled in
Intermediate Algebra at your college is a set. The collection of numbers 0,1,2,3,4,5,6,7,
8, and 9 may also be identified as a set. If D represents this set of numbers, then

D =1{0,1,2,3,4,5,6,7,8,9}

This notation uses braces { } to enclose the objects, or elements, in the set. This method
of representing a set is called the roster method.

( EXAMPLE 1 )

Classroom Example 1
Write the set that represents the last
three letters of the alphabet.

Answer:  {x,y, z}

In Other Words

The symbol "|" means “such that",
so read the set to the right as

"D is the set of all x such that x is
a digit."

DD RO D D)

Using the Roster Method

Write the set that represents the vowels.

Solution
The vowels are a, ¢, i, 0, and u, SO write

V= {aeiou} )

Another way to denote a set is to use set-builder notation. The numbers in the set
D= {0,1,2,3,4,5,6,7,8,9} are called digits. Using set-builder notation, the set D
of digits can be written as

D = {x|xisadigit}

In algebra, letters such as x, y, a, b, and c are used to represent numbers. When the
letter can be any number in a set of numbers, it is called a variable. In the set D, the
letter x can represent any digit, so x is a variable that can take on the value 0, 1, 2, 3, 4,
5,6,78,0r9.

( EXAMPLE 2 )

Classroom Example 2

Use set-builder notation to represent
the following sets.

(a) The set of all digits greater than 2
(b) The set of all digits less than 8
Answer:

(@) A = {x| xis a digit greater than 2}
(b) B = {x| xis a digit less than 8}

Using Set-Builder Notation
Use set-builder notation to represent the following sets.

(a) The set of all even digits
(b) The set of all odd digits

Solution

(a) Let E represent the set of all even digits, so that
E = {x|xis an even digit }
(b) Let O represent the set of all odd digits, so that

O = {x|xis an odd digit } )
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Teaching Tip

Emphasize the difference between C
and C. You can relate this notation to
inequality notation.

Work Smart

The empty set is represented as either
Gor { }.Neverwrite {TJ} to
represent the empty set because this
notation means a set that contains the
empty set.

Section R.1 Sets and Classification of Numbers CR-3

Quick 4
1. A sctis a well-defined collection of objects.
2. The objects in a set are called elements,

In Problems 3 and 4, use set-builder notation and the roster method to represent
each set.

3. The set of all digits less than 5 {x|x is a digit less than 5}; {0, 1,2, 3, 4}

4. The set of all digits greater than or equal to 6
{x|x is a digit greater than or equal to 6}; {6, 7, 8, 9} _J

Elements in sets are never listed more than once. For example, do not write
{1,2,3,2}; write {1,2,3}. Also, the order in which the elements are listed does not
matter. For example, {2,3} and {3,2} represent the same set.

More notation for describing sets will now be introduced.

e If two sets A and B have the same elements, then A equals B, written
A = B.

e If every element of a set A is also an element of a set B, then A is a subset of B,
written A C B.

e If AC Band A # B, then A is a proper subset of B, written A C B. Put another
way, A is a proper subset of B if all elements in A are also in B and there are
elements in B that are not in A.

e If a set A has no elements, it is called the empty set, or null set, and is denoted by

the symbol @ or { }.The empty set is a subset of every set; that is & C A for
any set A.

When working with sets, we usually designate a universal set, which is the set of all
elements of interest to us. For instance, in Example 2, we were interested in the set of
all digits, so the universal set is the set of all digits.

It is often helpful to draw pictures of sets because the pictures help us visualize
relations among sets. Pictures of sets are called Venn diagrams, in honor of
John Venn (1834 — 1923). In Venn diagrams, sets are represented as circles enclosed
in a rectangle. The rectangle represents the universal set. For example,if A = {1,2},
B = {1,2,3,4,5}, and the universal set is U = {0,1,2,3,4,5,6,7,8,9}, then
A C B. Figure 1 illustrates the relation between sets A and B in a Venn diagram.

Figure 1

Venn diagram with A C B. Univet:rsal
se
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CR-4 CHAPTERR Elementary Algebra Review

( EXAMPLE 3 ) Using Set Notation

Classroom Example 3

LetA = {2,4,6,8},
B={1,2,345},
C={234},andD = {4,6}.
Write True or False for each statement.
(@Q@bCA (b)DCB

(cgCcCB dgcc

(e)B=C

Answer: (b) False
(a) True (d) True
(c) True

(e) False

Let A = {0,1,2,3,4,5},B = {3,4,5},C = {5,4,3},and D = {3,4,5,6}.
Write True or False for each statement.

(a) BCA (b) DCA (¢ B=C
d C=D (e) BCC ) JgccC
Solution
(a) The statement B C A is True because all the elements in B are also elements
in A.
(b) The statement D C A is False because there is an element in D, 6, that is not
inA.

(¢) The statement B = C is True because sets B and C have the same elements.
(d) The statement C = D is False because there is an element in D, 6, that is not in C.

(e) In order for B to be a proper subset of C, it must be the case that all elements
in B are also elements in C. In addition, there must be at least one element in C
that is not in B. Because B = C, the statement B C C is False. Note, however,
that B C Cis True and B C D is also True.

(f) The statement (J C C is True because the empty set is a subset of every set. [

Quick 4

5. True or False The order in which elements are listed in a set does not matter. True

6. If every element of a set A is also an element of a set B, then A is a subset of B,
written A C B.

7. True or False 1f a set has no elements, it is called the empty set and is denoted

{d}. False

In Problems 8-11,let A = {a,b,c,d,e,f,g},B = {a,b,c},C = {c,d},and
D = {c, b,a}.Write True or False for each statement. Be sure to justify your
answer.

8. BCA Tue 9. B=C False 10 BCD False 11. JCA True J

The symbol € (which is read “is an element of”) is used to indicate that a particular
element is in a set. For example, 7 € {1,3,5,7,9} means “7 is an element of the set
{1,3,5,7,9}.” If an element is not in a set, use the symbol ¢ (which is read “is not an
element of”). For example, write “b is not a vowel” as b ¢ {a,e,i,o,u}.

( EXAMPLE 4

Classroom Example 4

Write True or False for each statement.

@5€ {1,2,3,45}

(b) 2 ¢ {2,4,6}

(c) Ohio € {x|xisaU.S. state that
borders the Pacific Ocean }

Answer: (a) True (b) True (c) False

Using Set Notation

Write True or False for each statement.
(@) 3 € {x]|xisadigit}
(b) h ¢ {a,ei,ou}

(c) % E{x

Solution

x = ‘;l, where p and q are digits, g # O}

(a) The statement 3 € {x | xis a digit } is True because 3 is a digit.

(b) The statement & ¢ {a,e,i,0,u} is True because 4 is not an element of
the set {a,e,i,o,u}.
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Work Smart

Using correct notation is important:
3C {1,2,3} isincorrect.

3€ {1,2,3} iscorrect.

Section R.1 Sets and Classification of Numbers CR-5

1
(¢) The statement > € {x X = i]l, where p and q are digits, g # O} is True

1
because > is of the form ‘2, where p = land g = 2. (]

Quick v

In Problems 12—14, answer True or False for each statement.
12. 5€ {0,1,2,3,4,5} True
13. Michigan ¢ {Illinois, Indiana, Michigan, Wisconsin }  False

8
14. - € {x x = Il, where p and q are digits, g # 0} True
S q
J
@ummary Set Notation )
A =B means set A and set B have the same elements.
ACB means all the elements in set A are also elements in set B.
ACB means all the elements in set A are also elements in set B, but

there is at least one element in set B that is not in set A.

Jor { } means the empty set. The empty set has no elements.

SEA means Sis an element in set A.
Q ¢ A means 5 is not an element in set A. j
Classify Numbers

Sets are discussed because it is helpful to classify the various kinds of numbers that we
deal with as sets.

Definition

The natural numbers, or counting numbers, are the numbers in the set
N={1,23,...}1

The three dots in the definition above, called an ellipsis, indicate that the pattern continues
indefinitely. The counting numbers are often used to count things. For example, we can
count the cars that arrive at a McDonald’s drive-through, or we can count the letters in
the alphabet.

Suppose you had $7 and purchased a drink and a hot dog at a baseball game for $7
Can the counting numbers be used to describe the amount of money you have left?
No, because zero is not part of the natural numbers. A new number system is needed to
describe the remaining amount. We need the whole number system.

Definition
The whole numbers are the numbers in theset W = {0,1,2,3,...}.

The whole numbers consist of the set of counting numbers together with the number 0,
soN C W.

Now suppose you have a balance of $100 in your checking account and you write
a check for $120. Can the whole numbers be used to describe your new balance? No,
because the set of whole numbers does not contain negative numbers. You need the
integers.
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In Other Words

The set of natural numbers is a
subset of the set of whole numbers.
The set of whole numbers is a
subset of the set of integers.

DD DD D)

=
- In Other Words
A rational number is a number
s :
that can be expressed as a fraction,
" Where the numerator is any integer
" and the denominator is a nonzero
" integer.
Work Smart

2
To write 17 2 decimal, write 11)2
and carry out the division as follows:
0.181
11)2.000
n
90
88
20
1
9
andsoontoget0.1818... = 0.18.

Work Smart

Although it is true that V2 isan
irrational number, not all numbers
involving the V' symbol are
irrational. For example, V4 = 2,isa
rational number.

Definition
The integers are the numbers in thesetZ = {..., —3,-2,-1,0,1,2,3,...}.

Notice that the set of natural numbers is a proper subset of the set of whole numbers,
and the set of whole numbers is a proper subset of the set of integers. That is, N C W and
W C Z. As the number system is expanded, new and usually more complicated problems
can be discussed. For example, the whole numbers allow the discussion of the absence
of something because they include zero, but the counting numbers do not. The integers
allow us to deal with problems involving both negative and positive quantities, such as
profit (positive counting numbers) and loss (negative counting numbers).

To represent a portion of a dollar or a portion of a whole pie, our number system is
enlarged to include rational numbers.

Definition
A rational number is a number that can be expressed as a quotient, B, of two

integers. The integer p is the numerator, and the integer g, which cannot be 0, is the
denominator. The set of rational numbers are the numbers

a-{x

x = s, where p and g are integers, g # O}.

0 4 33
e 5 and 5 Because IT) = p for any

integer p, it follows that the set of integers is a proper subset of the set of rational numbers

Examples of rational numbers are

s

Sw
S

. . . . 5
(Z C Q). For example, S is a rational number because it can be written as T but more

specifically, it is an integer. More specifically than that, it is a counting number.
Rational numbers can also be represented as decimals. The decimal representation of a
rational number is found by carrying out the division indicated. For example,

4 7 2 — 2 _
57 0.8 5= 3.5 37 —0.6666 ... = —0.6 n- 0.181818 ... = 0.18

Notice the line above the 6 in —0.6. This repeat bar represents the fact that the pattern
continues. Similarly, 0.18 means the block of numbers 18 will continue indefinitely to the
right of the decimal point.

Every rational number may be represented by a decimal that either terminates (as in

4 7
the case of - = 0.8and = = 3.5) or is nonterminating with a repeating block of decimals
( in th f—g——Og d2—018>
asin the case of —> = —0.6and = = 018 J.

What if a decimal neither terminates nor has a block of digits that repeat? These
decimals represent a set of numbers called irrational numbers. Every irrational number
may be represented by a decimal that neither terminates nor repeats. This means that

irrational numbers cannot be written in the form Z, where p and ¢ are integers and g # 0.

An example of an irrational number is 7, whose value is approximately 3.14159265359.
Another example of an irrational number is \/2 .This is the number whose square is 2. Its
value is approximately 1.414213562.
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Teaching Tip

Learning the relationship among the
sets that make up the real number
system is difficult for students. Use
Figure 2 to show the structure. Use a
table and have students check each
category to which a number belongs.

Section R.1 Sets and Classification of Numbers CR-7

Definition
Together, the set of rational numbers and the set of irrational numbers form the set
of real numbers. The set of real numbers is denoted using the symbol R.

Figure 2 shows the relationships among the various types of numbers. The universal set
in Figure 2 is the set of all real numbers. It is extremely important to be able to distinguish
among the various number systems—in particular, it is important to know the difference
between a rational number and an irrational number. Notice that if a number is rational,
it cannot be irrational, and vice versa.

- Figure 2
The Set of Real Numbers
Natural ) . ) .
Rational numbers = All fractions whose Irrational numbers = nonrepeating,
Whole denominator is not 1, together with the integers. nonterminating decimals
Integer v
- Integers = ..., —3, -2, -1 For example
Rational v together with the whole numbers Pl
Irrational 3.12122122212222...
aw
Real v 2
( EXAMPLE 5 ) Classifying Numbers in a Set
Classroom Example 5 List the numbers in the set
List the numbers in the set
8 3 3 1,0, \V/2,5.94,42122122212222 8
{73,5,7,2.757557555..., ’_5’_ > > e ""_2’2

11
—g125, V3,13, V23, 0}

)
Integers
) Rational numbers

)
8 11

——,25

) =

(€) 2.757557555 ..., V/3,\V/23

(f) All the numbers are real numbers.

that are

(a) Natural numbers (b) Whole numbers

(e) Irrational numbers

(¢) Integers

(d) Rational numbers (f) Real numbers

Solution

(a) 3is the only natural number.
(b) 0 and 3 are the whole numbers.

8 8
(¢) 3,—1,0,and — 5 are the integers | — 5 is an integer because it simplifies to —4>.

3 — 8
d 3,——,—-1,0,594, and — 5 are the rational numbers.

5
(e) \[2, 4.2122122212222 ..., and g are the irrational numbers. Note that
4.2122122212222 . .. is irrational because it is a nonrepeating, nonterminating
decimal.
(f) All of the numbers are real numbers. o
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Quick v/

15. The whole numbers are numbers in the set {0,1,2,3,4,...}.

16. The numbers in the set {x
called rational numbers.

x = S, where p and q are integers, g # 0} are

17. The set of irrational numbers have decimal representations that neither

terminate nor repeat. 18. False

18. True or False The rational numbers are a subset of the set of irrational numbers.
19. True or False If a number is expressed as a decimal, then it is rational. False
20. True or False Every rational number is a real number. True

21. True or False If a number is rational, it cannot be irrational. True

In Problems 22-27 list the numbers in the set 26.5.7377377737777 ... , 1, V11

7 _ 0 4 12
{3, =910, 456, STITIBTIISTITT < 1oz = Vi1 } that are
0 12

22. Natural numbers 10, — 23. Whole numbers 10, -, —

0 12 734 0 412
24. Integers 9, 10, 34 25. Rational numbers = -9, 10, 4.56, -ty
26. Irrational numbers 27. Real numbers All i

J

© Approximate Decimals by Rounding or Truncating

Work Smart

When should you truncate and
when should you round? If you have
7 pieces of pizza for four people,
how many whole pieces should

each person get? If you divide, you
get 1.75 pieces. Rounding to the
nearest whole digit gives 2 pieces
and truncating gives 1 piece. Better
truncate to make sure you have
enough for everyone!

Every number written in decimal form is a real number that may either be rational or
irrational. In addition, every real number can be represented by a decimal. For example,

the rational number % can be written in decimal form as 0.75. The rational number 3 is
equivalent to 0.666 . . . or 0.6 as a decimal.

Irrational numbers have decimals that neither terminate nor repeat. The irrational
numbers \/2 and  have decimal representations that begin as follows:

V2 = 1414213 ... T = 3.14159...

Approximations are used to write irrational numbers as decimals. The symbol =
(which is read “approximately equal to”) is used to do so. For example,

V2 =~ 14142 & ~ 3.1416

In approximating decimals, either round or truncate to a given number of decimal places.
The number of decimal places determines the location of the final digit in the decimal
approximation.

Definition

Truncation: Drop all the digits that follow the specified final digit in the decimal.
Rounding: Identify the specified final digit in the decimal. If the next digit is 5
or more, add 1 to the final digit; if the next digit is 4 or less, leave the final digit
as it is. Then truncate all digits to the right of the final digit.

( EXAMPLE 6 )

Classroom Example 6
Approximate 7.7291 to two decimal
places by

(a) Truncating  (b) Rounding

Answer: (a)7.72 (b)7.73

Approximating a Decimal by Truncating and by Rounding

Approximate 13.9463 to two decimal places by
(a) Truncating (b) Rounding

Solution
We want to approximate the decimal to two decimal places, so the final digit is 4:

13.9463
(a) To truncate, remove all digits to the right of the final digit, 4, to get 13.94.

(b) To round to two decimal places, find the digit to the right of the final digit. It
is 6. Because 6 is 5 or more, add 1 to the final digit 4 to get 13.95. [

Copyright © 2019 Pearson Education, Inc.



Teaching Tip

Remind students that the scale
must consist of numbers that
are evenly spaced.

Figure 4
The real number line.
Scale
<> 1 unit
IR R R N N N |
-3-2-1 0 1 2 3
Origin
O

In Other Words

DEDED D)

the graph of the set of all real
numbers.

Think of the real number line as

Section R.1 Sets and Classification of Numbers CR-9

Quick 4
In Problems 28 and 29, approximate each number by (a) truncating and (b) rounding
to the indicated number of decimal places.

28. 5.694392; three decimal places
(a) 5.694 (b) 5.694

29. —4.9369102; two decimal places
(a) —4.93 (b) —4.94 W

Ghe Graphing Calculator: Does Your Calculator Truncate or Round? )

Calculators are capable of displaying only a certain number of decimal places. Most
scientific calculators display eight digits, and most graphing calculators display ten
to twelve digits. When a number has more digits than the calculator can display, the
calculator will either round or truncate.

To see whether your calculator rounds or truncates, divide 2 by 3. How many
digits do you see? Is the last digit a 6 or a 7? If it is a 6, your calculator truncates; if
it is a 7, your calculator rounds. Figure 3 shows the result on a graphing calculator.
Does the calculator shown in Figure 3 round or truncate? Because the last digit
displayed is a 7 it rounds.

Figure 3 NORMAL FLOAT AUTO REAL RADIAN MP—fy

» 6666666667

N\ J

O Plot Points on the Real Number Line

The real numbers can be represented by points on a line called the real number line.
Every real number corresponds to a point on the line, and each point on the line has a
unique real number associated with it.

To construct a real number line, pick a point on a line somewhere in the center, and
label it O.This point, called the origin, corresponds to the real number 0. See Figure 4. The
point 1 unit to the right of O corresponds to the real number 1. The distance between 0
and 1 determines the scale of the number line. For example, the point associated with the
number 2 is twice as far from O as 1 is. Notice that an arrowhead on the right end of the
line indicates the direction in which the numbers increase. Points to the left of the origin
correspond to the real numbers —1, —2, and so on.

Definition
The real number associated with a point P is called the coordinate of P.The real
number line is the set of all points that have been assigned coordinates.

( EXAMPLE 7 )

Classroom Example 7

On the real number line, plot the

points with the coordinates 3,
—-2,15,—-25,and 0.

Answer:

Plotting Points on the Real Number Line
On the real number line, plot the points with coordinates 0, 5, —1, 1.5, — 5

Solution
Draw a real number line with a scale of 1 and then plot the points. See Figure 5.

I I
1 15 2 3 4

Figure 5 L &
8 -2 1

W ¢

| —¢
(=X 3
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Quick v/

1
30. On the real number line, plot the points with coordinates 0, 3, —2, > and 3.5.

I L L I L L L ! ! See Graphing
-4 0 Answer Section. J

The real number line consists of three classes (or categories) of real numbers, as shown in
Figure 6.

Figure 6

! TR R N B
_ 9 3 1 _1
3 2 5 1 3 0

I
1

W=

N
N
w

Negative Positive
real numbers Zero real numbers

¢ The negative real numbers are the coordinates of points to the left of the
origin O.
e The real number zero is the coordinate of the origin O.

¢ The positive real numbers are the coordinates of points to the right of the

origin O.
Figure7 © Use Inequalities to Order Real Numbers

: z Given two numbers (points) a and b, @ must be to the left of b, the same as b, or to the

(@ya<b right of b. See Figure 7
If a is to the left of b, say “a is less than b” and write a < b. If a is at the same location
: as b, then say that “a is equal to b” and write a = b. If a is to the right of b, say “a is greater
b than b” and write a > b. If a is either less than or equal to b, write a =< b. Similarly,a = b
b)ya=»b means that a is either greater than or equal to b. Collectively, the symbols <, >, <,

and = are called inequality symbols.
Note that a < b and b > a mean the same thing, so 2 < 3 (2 is to the left of 3) may
(©a>b also be written 3 > 2 (3 is to the right of 2).

( EXAMPLE 8 ) Using Inequality Symbols

(a) 2 < 5 because the coordinate 2 lies to the left of the coordinate 5 on the real
Classroom Example 8 number line.
Fill in the blank with the symbol <, >,

0

S ]

(b) —1 > —3 because —1 lies to the right of —3 on the real number line.

or to make the sentence true.
_ _ 7 7
() Z ! (b) , 8 7 3 (¢) 3.5 = > because 3.5 = 5
(c)=_04 (dy=_—-
5 83 5_ 4 5 - 4 5. . 4
= > = =0. - =08,50— -
Answer: (a) > (b) < (d) 6 s because 6 0.83 and 5 0.8, so 6 lies to the right of 5 on the
() = (d) > real number line. o

Quick v
In Problems 31-36, replace the question mark by <, >, or =, whichever is correct.
2 1
31. 3?76 < 32. -3?7-2 < 33.575 >
5 2 10
=9 =P= = . ?3.
34.7.0.7 > 35.3.15 36. w7314 >
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Note to Instructor
Quick Check exercises are designed
as homework. For best results, assign

Section R.1 Sets and Classification of Numbers CR-11

Notice in Example 8 that the inequality symbol always points to the smaller number.
Inequalities of the form a < b or b > a are strict inequalities, whereas inequalities of
the forma = b or b = a are nonstrict (or weak) inequalities.

them. Based upon the discussion so far, we conclude that

Work Smart: Study Skills

Selected problems in exercise sets are
underlined. For extra help, you can
find worked video solutions to these
problems in MyMathLab or by using
the QR code in each section.

a > 0 isequivalentto a is positive
a < 0 isequivalent to a is negative

Read a > 0as“ais positive” or “a is greater than 0.” If a = 0, then eithera > Oora = 0,
and read this as “a is nonnegative” or “a is greater than or equal to 0.”

CRNSEIHTY MylLabMat

® Underlined exercise numbers have complete
video solutions in MylabMath or may be
accessed using the QR code to the right.

Problems 1-36 are the Quick v s that follow the EXAMPLES.
Building Skills

In Problems 37-42, write each set using the roster method. See

Objective 1.
37. {x|xis a whole number less than 6} {0,1,2,3,4,5}

38. {x|xis anatural number less than4} {1,2,3}

39. {x|xis an integer between —3 and 5}
{-2,-1,0,1,2,3,4}

40. {x|xis an integer between —4 and 6 }
{-3,-2,-1,0,1,2,3,4,5}

41. {x|xis a natural number less than 1} @ or [}

42. {x|xis a whole number less than0} @ or |}
In Problems 43-50,let A = {1,3,5,7,9},B = {2,4,6,8},

C={1,2,3,4,5,6,7,89},and D = {8,6,4,2}. Write True or
False for each statement. Then justify your answer. See Objective 1.

43. BC C 4. ACC 45. BC D 46. ACC
True True False True
47. B = D 48. BC D 49. 0CC 50. JCB
True True True True

In Problems 51-54, fill in the blank with the appropriate symbol, €
or ¢ .See Objective 1. 4 7 _
55.(c) =5,4,-,—-,51 (d)=

375
7
5

51. - ¢ {x|xisaninteger} s5 (e) -5 At
/= . s ~37

1 —
0 E 51,n
52. 45 € {x|xis arational number }

53. # € {x|xisareal number }

54.0 ¢ {x|xisanatural number }

56.(c) —4.5656 ... ,0,2.43,13 (d) V2 (e)—4.5656...,0,\/2,2.43,13

8 8
57.() 100, =5.423, . —64  (d) V2 +4 (e)100, 5423, 2, V2 +4,—64

In Problems 55-58, list the numbers in each set that are (a) Natural
numbers, (b) Integers, (c) Rational numbers, (d) Irrational numbers,
(e) Real numbers. See Objective 2.

55. A = {—5,4,2,—2,5.1,77} (a)4 (b) —5,4

56. B = {13,0,-4.5656... ,2.43, V2 } (a)13(b)0,13

(a) 100

8
57.C = {100, —5.423,;, V2 + 4, —64} (b) 100, —64

58. D = {15,—?, 73,V2 + 77} (a) 15 (b)—$,15

In Problems 59-62, approximate each number (a) by truncating
and (b) by rounding to the indicated number of decimal places. See
Objective 3.

59. 19.93483; 4 decimal places (a) 19.9348 (b) 19.9348
60. —93.432101; 2 decimal places (a) —93.43 (b) —93.43
61. 0.06345; 1 decimal place (a) 0.0 (b)0.1

62. 9.9999; 2 decimal places (a)9.99 (b) 10.00

In Problems 63 and 64, plot the points whose coordinates are given
on the real number line. See Objective 4.

63. 2, O,—3,1.5,—§ 64. 4, -5, 2.5,§,—*
2 3
63-64. See Graphing Answer Section.

In Problems 65-70, replace the question mark by <, >, or =,
whichever is correct. See Objective 5.

65. -57-3 < 66.472 > 67.%?1.5 =
2.2 1 8 8
h=%= . 7 ?0. 70. — -7 ——

68 3'5 69 3 03 > 0 3 5 <

6
58.(c) =1, 7.3,15 V2 +m

6
(e) T)’ V2 + 73,15
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Applying the Concepts
71. Death Valley Death Valley in California is the lowest

72

73

74

75

76,

point in the United States, with an elevation that is
282 feet below sea level. Express this elevation as an
integer. (source: Information Please Almanac) —282 feet

Dead Sea The Dead Sea, Israel-Jordan, is the lowest
point in the world, with an elevation that is 1349 feet
below sea level. Express this elevation as an integer.

(SOURCE: Information Please Almanac) — 1349 feet

Macy’s Macy’s lost $4.39 per share of common stock
in 2017 Express this loss as a rational number written
in decimal form. (source: Yahoo!Finance) —$4.39

Bitcoin Bitcoin stock lost $1,859.76 in a recent trading
day. Express this loss as a rational number written in
decimal form. (source: Yahoo!Finance) —$1,859.76

Golf In the game of golf, your score is often given in
relation to par. For example, if par is 72 and a player
shoots a 66, then he is 6 under par. Express this score
as an integer. —6

It’s a Little Chilly! The normal high temperature
in Las Vegas, Nevada, on December 21 is 55°F. On
December 21,2017 the temperature was 5°F below
normal. Express the departure from normal as an
integer. (source: USA Today) —5°F

Extending the Concepts 77-80. Answers will vary.

77. Research the history of the set of irrational numbers.

Your research should concentrate on the Greek
cult called the Pythagoreans. Write a report on your
findings.

78. Research the origins of the number 0. Is there any

single person who can claim its discovery?

79. The first known computation of the decimal

approximation of the number 7 is attributed to

Archimedes around 200 B.c. Research Archimedes
and find out his approximation.

80. The irrational number e is attributed to Leonhard
Euler. Research Euler and find out the decimal
approximation of e.

Explaining the Concepts 81-88. Sce Graphing Answer Section.

81. Are there any real numbers that are both rational
and irrational? Are there any real numbers that are
neither? Explain your reasoning. No:No

82. Explain why the sum of a rational number and an
irrational number must be irrational.

83. Explain what a set is. Give an example of a set.

84. Explain why it is impossible to list the set of rational
numbers using the roster method.

85. Explain the difference between a subset and a
proper subset.

86. Describe the difference between 0.45 and 0.45. Are
both rational? Yes

87. Explain the circumstances under which rounding
and truncating will both result in the same decimal
approximation.

88. Is there a positive real number “closest” to 0? No

Technology Exercises

89. Use technology to express 7 rounded to three
decimal places. Express = truncated to three decimal
places. 1.143;1.142

19
90. Use technology to express £l rounded to four

decimal places. Express — truncated to four decimal
places. 2.7143;2.7142
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R.2 Operations on Signed Numbers;

Properties of Real Numbers

Objectives The symbols used in algebra for the operations of addition, subtraction, multiplication,

and division and the words used to describe the results of these operations are shown in
o Compute the Absolute Value

of a Real Number Table 1 below.
@ Add and Subtract Signed
Numbers G’abl el \
© Multiply and Divide Signed - -
Numbers Operation Symbol Result of Operation
O state the Associative and Addition a+b Sum: a plus b
Distributive Properties - " )
Subtraction a—b>b Difference: a minus b
b is subtracted from a
Multiplication  a-b, (a) +b,a- (b), (a) - (b), Product: a times b

)
ab, (a)b,a(b), (a) (b)

a
Division a/b or b

N

Quotient: a divided by b

J

In algebra, avoid using the multiplication sign X (to avoid confusion with the often-
used x) and the division sign + (to avoid confusion with +). Also, two expressions
placed next to each other without an operation symbol, as in ab or (a)(b), are
understood to be factors that are to be multiplied.

It is also preferable not to use mixed numbers in algebra. When mixed numbers are

. 3 3 .
used, addition is understood —for example, 21 means 2 + e But in algebra, the absence

of an operation symbol between two terms is taken to mean multiplication. To avoid any
. 3 . . . . . .11
confusion, 21 will be written as 2.75 in decimal format or as an improper fraction, R

The symbol =, which is called an equal sign and read as “equals” or “is,” is used to
express the idea that the expression on the left side of the equal sign is equivalent to the
expression on the right.

© Compute the Absolute Value of a Real Number

The real number line is used to describe the concept of absolute value.

Work Smart
The absolute value of a number Definition
can never be negative because it

| The absolute value of a number a, written \a| , is the distance from 0 to a on the real
represents a distance.

number line.
Figure 8

| 4 units | 3 units | For example, because the distance from 0 to 3 on the real number line is 3, the absolute

é é é value of 3, 3|, is 3. Because the distance from 0 to —4 on the real number line is 4,

-5-4-3-2-1 0 1 2 3 4 |-4| = 4.See Figure 8.
( EXAMPLE 1 ) Computing Absolute Value
Classroom Example 1 (a) |8] = 8 because the distance from 0 to 8 on the real number line is 8.
Find the absolute value: (b) |—5| = 5 because the distance from 0 to —5 on the real number line is 5.

(@131 (b)[-9

(¢) |0] = 0 because the distance from 0 to 0 on the real number line is 0. ]
Answer: (a)3 (b)9
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Quick v/
1. In the expression a - b, the expressions a and b are called factors,

2. True or False The absolute value of a number is always positive.

In Problems 3 and 4, evaluate each expression. False because |0] = 0.
3. 16| o 4. |-10| 10
J
@ Add and Subtract Signed Numbers
The following rules are used to add two real numbers.
(Adding Two Nonzero Real Numbers )

In Other Words

To add two real numbers that have
the same sign, add their absolute
values and then keep the sign of
the original numbers. To add two
real numbers with different signs,
subtract the smaller absolute value
from the larger absolute value. The
sign of the sum will be the sign of
the number whose absolute value
is larger.

DO D HOD DO OO O OO

The approach to adding two real numbers depends on the signs of the two numbers.

1. Both Positive: Add the numbers.
2. Both Negative: Add the absolute values of the numbers. The sum will be negative.
3. One Positive, One Negative: Determine the absolute value of each number.
Subtract the smaller absolute value from the larger absolute value.
o If the larger absolute value was originally the positive number, then the sum is
positive.

« If the larger absolute value was originally the negative number, then the sum
is negative.

\_° If the two absolute values are equal, then the sum is 0. )

( EXAMPLE 2 )

Classroom Example 2

Perform the indicated operation.
(@ =7 + (—6)

(b) =12 + 4

(©) 8.1 + (—3.7)

Answer: (a) —13 (b)—8 (c)4.4

Adding Two Real Numbers
Perform the indicated operation.

(@ -2+ (-3) (b) 93 + (—6.4)

Solution

(a) Both numbers are negative, so first find their absolute values: |—2| = 2 and
|—3| = 3. Now add the absolute values:2 + 3 = 5. Because both numbers to be
added are negative, the sum must be negative. So

-2+ (-3) =-

(b) One number is positive and the other is negative. Find the absolute value of
each number: [9.3| = 9.3 and |—6.4| = 6.4. Subtract the smaller absolute
value from the larger absolute value and get 9.3 — 6.4 = 2.9. The larger
absolute value was originally positive, so the sum is positive:

93 + (—64) =29 °

Work Smart

Another way to add two real numbers is to use a number line. In Example 2(a), place a point at
—2 on the real number line. Then move three places to the left (since —3 is being added). See
Figure 9. End up at the point whose coordinate is —5,s0 =2 + (—3) = —5.

Figure 9
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Work Smart

The additive inverse of a, —a, is
sometimes called the negative of a

or the opposite of a. Be careful when
using these terms because they
suggest that the additive inverse is a
negative number, which may not be
true! For example, the additive inverse
of —3is 3, a positive number.

Teaching Tip
Remind students that “the opposite
of a” might be a positive number.

Section R.2 Operations on Signed Numbers; Properties of Real Numbers CR-15
Quick v/
In Problems 5-9, perform the indicated operation.
5. 18 + (=6) 12 6. —21 + 10 11 7. =54+ (-12) -6.6
8 —65+43 22 9. -9+9 0

J

What do you notice about the sum in Problem 9 from the Quick Check above? The result
of Problem 9 is true in general.

For any real number a, there is a real number —a, called the additive inverse, or
opposite, of a, having the following property:

a+ (-a)=-a+a=0

For example, the additive inverse or opposite of 3is —3,s0 —3 + 3 = 0. The opposite

5.5
of —42is 42, and the opposite of — g is g This gives the following property:

For any real number a,

( EXAMPLE 3 )

Classroom Example 3
State the additive inverse of
(@) =11 (b)42

Answer:

(@11 (b) —42

Finding an Additive Inverse
(a) The additive inverse of 6is —6 because 6 + (—6) = 0.

(b) The additive inverse of —101is —(—10) = 10 because —10 + 10 = 0. (]
Quick 4
10. For any real number a, there is a real number —a, called the additive inverse or
OPPOSIte of g such thata + (—a) = —a +a = 0.

11. For any real number a, — (—a) = a.

In Problems 12-16, determine the additive inverse of the given real number.

B 4 -12 o 15 -2 7

12.5 -5 5 5 3 3

16.0 0
J

The real number 0 is the only number that can be added to any real number a and

result in the same number a. This is called the Identity Property of Addition.

For any real number a,
0O+a=a+0=a

That is, the sum of any number and 0 is that number. We call O the additive identity.

The Identity Property of Addition is used throughout the entire course (and future
courses) to create a new expression that is equivalent to a previous expression. For
example,a =a + 0 =a + 6 + (—6) because 6 + (—6) = 0.

Addition is also commutative. That is to say, the same result happens whether a + b or

b + ais computed.
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DD DD D D)

In Other Words

The absolute value of a number

greater than or equal to O is the
number itself. The absolute value
of a number less than zero is the
additive inverse of the number.

In Other Words

To subtract b from a, add the

“opposite” of b to a.

If a and b are real numbers, then

at+b=>b+a
Now a more formal definition of absolute value is presented.

Definition
The absolute value of a real number a, denoted by the symbol |a|, is defined by the
rules

la| =a ifa=0 and |a| = —a ifa<O

This definition of absolute value is sometimes called the algebraic definition. For example,
|12| = 12and |-13] = —(—13) = 13.
The additive inverse can be used to define subtraction between two real numbers.

Definition
If a and b are real numbers, then the difference ¢ — b, read “a minus b” or “a less
b,” is defined as

a—b=a+ (-b)

Based on this definition, note that subtracting b from a is really just adding the additive
inverse of b to a.

( EXAMPLE 4 )

Classroom Example 4
Evaluate each expression.
(b) —=8.6 — (—4.7)

(@13 — 9

Answer:

(a) 4

(b) —3.9

Working with Differences
Evaluate each expression.

(a) 10 — 4 (b) —73 — (—42)

Solution
(@ 10 —4=10+ (—4) =6

(b) Notice that a negative number is being subtracted. Subtracting —4.2 is the
same as adding 4.2, so

—73 — (—42) = =73 + 42

= -31 ]
Quick v/
In Problems 17-22, evaluate each expression.
1.6 —2 4 18. 4 — 13 -9 19. -3 -8 11

20. 125 — 34 9.1 21. -85 — (—34) -s51 22. -69 — 92 161 y

Multiply and Divide Signed Numbers

Multiplication is repeated addition. For example, 35 is equivalent to adding 5 three
times. That is,
3:5=5+5+5 =15
Add 5 three times
Also, because
5:3=3+3+3+3+3=15

multiplication of two real numbers a and b is commutative, just like addition.
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If a and b are real numbers, then

a*b=>b-a

When multiplying real numbers, follow these rules for determining the sign of the
product:

1. The product of two positive real numbers is positive.

2. The product of one positive real number and one negative real number is
negative.

3. The product of two negative real numbers is positive.

( EXAMPLE 5 ) Multiplying Signed Numbers

Classroom Example 5 (@) 3(-5) = ( ) -15 (b) —7-3=-(7-3) =-21

Find each product: — _ —

(@) 4(-2) ) —5-6 © (-9)(—-4) (d) —1.5(2.6) 3.9 {
(@ (=7)(=3) (d) (=1.2)(34)

Answer: (a) —8 (b) —30 (c)21 Quick v4

(d) —4.08 23. True or False The product of two negative real numbers is positive. True

24. True or False Addition and multiplication are commutative. True

Work Smart In Problems 25-29, multiply.
In Example 5(a), 3(—5) means to add 25. —6(8) 48 26. 12(—5) —60 27. 4-14 56
—5 three times. That is, 3(—5) means 28. —7(—15) 105 29. —1.9(-27) 5.3
—5+ (=5) + (=5) J
which is —15. In Example 5(b),
B The real number 1 has an interesting property. Recall that the expression 3 - 5 is equivalent
—7:3=3-(-7) to5 + 5 + 5. Therefore, 1 -5 means to add 5 one time, so, 1 -5 = 5. This result is true in
=7+ (=7)+(=7) general.
= -21

Do you see why a positive times a
negative is negative?
For any real number a,
a*l1=1a=a
In Other Words 1 is called the multiplicative identity.

The product of any number and 1

is that ber. TR . . . .
o e numper The multiplicative identity lets us create equivalent expressions. For example, the

4 4 3 3
expressions 5 and 5°3 are equivalent because 3 =1.

For each nonzero real number a, there is a real number —, called the multiplicative
a

inverse of a, having the following property:

. 1 C e .
e In Othgr Words - For each nonzero real number a, there is a real number —, called the multiplicative
When reciprocals are multiplied, a
" their product is 1. inverse or reciprocal of a, having the following property:
|
1 1
a—=—a=1 a #0
a a
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( EXAMPLE 6 )

Classroom Example 6
Determine the multiplicative inverse of

@7 () -2 (I —
Answer:

1 1 5
(a) 7 (b) ~3 (0) ~1
Work Smart

Do not confuse the multiplicative
inverse or reciprocal with the additive
inverse or opposite. The multiplicative
inverse, or reciprocal, of a number
does not change signs. It only reverses
the numbers in the numerator and
denominator.

Teaching Tip

Emphasize the placement of the
negative sign in a numerical example
to explain the property:

—3_3 _
4 4

3
4

Finding the Multiplicative Inverse or Reciprocal
1
(a) The multiplicative inverse, or reciprocal, of 5 is 5
1
(b) The multiplicative inverse, or reciprocal, of —4 is — 1

2.3 2 3
(¢) The multiplicative inverse of 3 is 5 because 3 . > = 1. o

Quick v

30. The additive inverse of a, —a, is also called the 9PPOSIt€ of 4. The multiplicative
1 .
inverse of a, e is also called the reciprocal of 4.

In Problems 31-34, find the multiplicative inverse or reciprocal of the given real
number.

310 - 2 -8 .

0 3 33.

TN

1
4. -2 5
5

N | L

J

The idea behind the multiplicative inverse is used to define division of real numbers.

Definition

. . . a
If a is a real number and b is a nonzero real number, the quotient X read as “a
divided by b” or “the ratio of a to b,” is defined as

=aq- ifb # 0

S| =

a
b

5 1 o
For example, ' 5 ry Because division of real numbers can be represented

as multiplication, the same rules of signs that apply to multiplication also apply to
division.

1. The quotient of two positive numbers is positive.

2. The quotient of one positive real number and one negative real number is
negative.

3. The quotient of two negative real numbers is positive.

Put another way, if a and b are real numbers and b # 0, then

—a a
d —==
an b b

Additional properties of the numbers 0 and 1 are now introduced on the next page.
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(® Multiplication by Zero
For any real number a, the product of a and 0 is always 0; that is,

a-0=0-a=0
Teaching Tip Division Properties
Division by 0 is not defined. One F 1 b
reason is to avoid the following OT any nonzero real numboer 4,
2
problem: If 0 = x, then it must be the g =0 a = 1 % =a %is undefined

case that 2 = 0 x. But according to
the Multiplication by Zero Property,
0-x = 0 for any real number x, so

. 2 _ 0
there is no number x such that o = x. Perhaps you are wondering what 0 equals. The answer, which may surprise you, is that

0 0
the value of 0 cannot be determined. Why? If 0 n,then0+-n = 0. But 0-n = 0 for

0
any real number #. For this reason, we say that 0 is indeterminate.
O State the Associative and Distributive Properties

The order in which three real numbers are added or multiplied does not affect the final
result. This property is called the Associative Property.

® (EXAMPLE 7 ) Illustrating the Associative Property

@ 17+ (3+5)=17+8=25 (b) 13(2+5) = 13-10 = 130
Classroom Example 7 (17 +3) +5=20+5=25 (13-2)+5 =265 = 130
Use Example 7.
Therefore, Therefore,
17+ (3+5)=17+3)+5 13(2-5) = (13-2) -5 °

Teaching Tip

Students may have been taught to

use the Commutative and Associative
Properties of Addition to regroup when

adding columns of numbers to find Associative Properties of Addition and Multiplication

numbers that sum to multiples of 10: If a, b, and c are real numbers, then
19 19 a+ (b+c)=(a+b)+tc=a+b+c
34 21 }40 a(bc) = (ab)-c = abe
21 34 }80
+46  +46
120 120 ,
() The next property will be used throughout the course.
Teaching Tip

The long name for the Distributive
Property is the Distributive Property of
Multiplication over Addition. Students If a, b, and c are real numbers, then

may want to apply the Distributive

Property to exponents later, so a(b +c) =ab + ac
establishing this fact early is important. (a +b)-c=ac+ bc

The Distributive Property
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( EXAMPLE 8 ) Using the Distributive Property

Classroom Example 8

Use the Distributive Property to
remove the parentheses.

(@)3(z + 4) (b) =5(3p + 2)

(© (n—3)-2

Answer: (a)3z + 12
(b) =15p — 10 (c)2n — 6

a
- In Other Words
The opposite of a sum is the
sum of the opposites.

Note to Instructor

Quick Check exercises are designed
as homework. For best results, assign
them.

Use the Distributive Property to remove the parentheses.
(@ 2(x+3) () =32y +1) (¢) (z —4)-3
Solution
< N
(@ 2(x+3)=2x+2-3=2x+6
A N
(b) 32y +1)=-3-2y+ (-3)1=-6y—3
/L?\
(¢) (z—4)-3=2-3—-4-3=3z-12 ®

When parentheses are preceded by a minus sign, such as in —(3x + 7), the
Distributive Property can be used as shown below.

-Bx+7)=-1B3x+7)=-1:3x+—-1-7=-3x -7

We can generalize this property.

For any real numbers a and b,

—(a+b)=—-a+ (=b)=-a-»b

Quick v
35. The Distributive Property states that a(b + ¢) = ab + ac.
36. —(a+b) =—a—b

In Problems 37-42, use the Distributive Property to remove the parentheses.

37. 5(x +3) 5x+15 38. —6(x+1) —6x—6
39. —4(z —8) 4z +32 40. 3(6x +9) 18x + 27
41. —(11p +8) —11p — 38 2. —(-9—4) 9+ 4 Y,
Gummary Properties of the Real Number System )
If a, b, and c are real numbers,
e Identity Properties a+0=0+a=a;, l-a=a-1=a
1 1
e Inverse Properties a+(—a)=(—a)+a=0; ar=-_a= 1(a #0)
e Double Negative Property —(—a) = a
e Commutative Properties a+b=b+a a-b=b-a
e Multiplication Property of 0 a:0 =0-a = 0
0
¢ Division Properties P =0,a # 0; %: 1,a # 0;
%is undefined,a # 0
e Associative Properties (a+b)+c=a+ (b+c); (ab)c = a(bc)
e Distributive Property a(b +c¢) =ab + ac
e Opposite of a Sum —(a+b) =-a-»>b
N e y
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T
Underlined exercise numbers have complete I
R.z Exe rcises M y Lab M at © video solutions in MyLabMath or may be 3,
accessed using the QR code to the right. [

Problems 1-42 are the Quick Vs that follow the EXAMPLES.

Building Skills
In Problems 43—46, evaluate each expression. See Objective 1.
2 2 5| s 8| 8 70 7
N A R A

In Problems 47-52, perform the indicated operation. See Objective 2.
47 —13 +4 -9 48. -6 + 10 4
49.12 -5 7 50. 9+ (=3) o
51. 43 — 6.8 25 52, —82 —45 -127

In Problems 53-58, perform the indicated operation. See Objective 3.
53.4(-8) -32 54. -5(—15) 75
55. —6(—14) &4 56. 7(—15) —105

57. —4.3(85) —3655 58. —10.4(—0.6) 624

In Problems 59—-66, use the Distributive Property to remove the
parentheses. See Objective 4.

50.2(x +4) 2x+38 60. 3(y —5) 3y - 15

6l. —3(z —2) -3z1+6 62 —5(x—4) —5¢+20

63. (x —10)-3 3x—-30 64. (3x +y)-2 6x+ 2

65. —(5z +17) -5z —17 66. — (11 — 8k) —11 + 8k

Mixed Practice

In Problems 67-76, perform the indicated operation. Express all
rational numbers in lowest terms.

67. |13 — 16| 3 68. |—4| +12 16

69. [6.2 — 95| 33 70. |-5.4 + 10.5] 5.1

1. —|-8(4)| -32 72. —|-5:9] -45

7
73. undefined 74. —6 undefined

18
0
0 0

— 0 76. — 0

20 5

In Problems 77-82, state the property that is being illustrated.

75.

77.5-3 = 3-5 Commutative Property of Multiplication
78.9 + (—9) = 0 Additive Inverse Property

79.5- 5 =1 Multiplicative Inverse Property

80. 3(x — 4) = 3x — 12 Distributive Property

8.3+ (4+5) = (3+4) +5 Associative Property of
Addition
82. 6 0 Division Property

Applying the Concepts
83. Age of Presidents The youngest president at the time
of inauguration was Theodore Roosevelt (42 years of
age). The oldest president at the time of inauguration
was Ronald Reagan (69 years of age). What is the
difference in age at the time of inauguration between
the oldest and youngest presidents? 27 years

84. Life Expectancy In South Korea, the life expectancy
for females born in 1950 was 49 years of age. The
life expectancy for females born in 2030 is expected
to be 91 years of age. Compute the difference in life
expectancy between 1950 and 2030. 42 years

85. Football The Chicago Bears obtained the following
yardages for each of the first three plays of a game:
4, —3, 8. How many total yards did they gain for the
first three plays? If 10 yards are required for a first
down, did the Bears obtain a first down? 9 yards; No

86. Balancing a Checkbook At the beginning of the
month, Paul had $400 in his checking account.
During the month he wrote four checks for $20, $45,
$60, and $105. He also made a deposit in the amount
of $150. What is Paul’s balance at the end of the
month?  $320

87. Peaks and Valleys In the United States, the highest
elevation is Mount Denali in Alaska (20,320 feet
above sea level); the lowest elevation is Death
Valley in California (282 feet below sea level). What
is the difference between the highest and lowest
elevations? 20,602 feet

88. More Peaks and Valleys In Louisiana, the highest
elevation is Driskill Mountain (535 feet above sea
level); the lowest elevation is New Orleans (8 feet
below sea level). What is the difference between the
highest and lowest elevations? 543 feet

89-96. See Graphing Answer Section.

89. Illustrate why the product of two positive numbers
is positive. Illustrate why the product of a positive
number and a negative number is negative.

90. The Fibonacci Sequence The Fibonacci sequence is
a famous sequence of numbers that were discovered
by Leonardo Fibonacci of Pisa. The numbers in the
sequence are 1,1,2,3,5,8,13,21,34,55, ..., where
each term after the second term is the sum of the two
preceding terms.
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(a) Compute the ratio of consecutive terms in the

That i ¢ 235
sequence. That is, compute 1, 7, 5 3,
1;2;1.5;1.66667; 1.6; 1.625; 1.615385; ...

(b) What number does the ratio approach? This
number is called the golden ratio and has
application in many different areas. 1.618

(¢) Research Fibonacci numbers and cite three

different applications.

Problems 91-94 use the following definition.

91.

92.

93.

94.

9s.

If P and Q are two points on a real number line
with coordinates a and b, respectively, the distance
between P and Q, denoted by d(P, Q), is

d(P,Q) = |b — a|

Since |b — a| = |a — b|, it follows that
d(P,Q) = d(Q.P).

Plot the points P = —4 and Q = 10 on the real
number line, and then find d(P, Q). 14

Plot the points P = —2 and Q = 6 on the real
number line, and then find d(P, Q). 8

Plot the points P = —3.2 and Q = 7.2 on the real
number line, and then find d(P, Q). 104

Plot the points P = —9.3 and Q = 1.6 on the real
number line, and then find d(P, Q). 10.9

Why Is the Product of Two Negatives Positive?
In this problem, we use the Distributive Property
to illustrate why the product of two negative real
numbers is positive.

(a) Express the product of any real number a and 0.

(b) Use the Additive Inverse Property to write O
from part (a) as b + (—b).

(¢) Use the Distributive Property to distribute the a

into the expression in part (b).

(d) Suppose thata < 0 and b > 0. What can be said

about the product ab? Now, what must be true
regarding the product a(—b) in order for the
sum to be zero?

and so on.

96. Math for the Future Find the set of all ratios L such
that p € A and g € B. q

A={-9-3,-1,1,3,9},B= {—4,-2,—1,1,2,4}

Explaining the Concepts 97-101. sce Graphing Answer Section.
97. Explain why 0 does not have a multiplicative inverse.
98. Why does 2(4-5) notequal (2:4) - (2:5)?

99. Is subtraction associative? Support your conclusion
with an example.

100. Is division commutative? Support your conclusion
with an example.

101. Is division associative? Support your conclusion with
an example.

Technology Exercises

Many calculators have the ability to compute absolute value.
Figure 10 shows the results of Example 1 using a graphing
calculator.

Figure 10

181
.................................................. 8.
I8
.................................................. =3
)]
.................................................. Q.
i

In Problems 102-107 use a calculator to perform the indicated
operation. Express all rational numbers in lowest terms.

102. —=29 + (=63) -92 103. 54 — 92 -38
104. —5.4(—48) 259 105. —3(6.4)
106. |—3.65|(5.4) 1971 107. [4.5(=32)| 144

=102
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R.3 Perform Operations on Rational

Numbers Written as Fractions

Objectives

@ Write Rational Numbers Written
as Fractions in Lowest Terms

© Multiply and Divide
Rational Numbers
Written as Fractions

© Add and Subtract Rational
Numbers Written as Fractions

In this section we present a review of operations on rational numbers written as
fractions. Pay attention to the methods used throughout the section because these

same methods apply to algebraic expressions written in fractional form.

® @ Write Rational Numbers Written as Fractions in Lowest Terms

It is preferred to write rational numbers written as fractions in lowest terms—that is,

without any common factors in the numerator and the denominator. The Reduction
Property is used to obtain rational numbers in lowest terms.

Reduction Property
If a, b, and c are real numbers, then

ac

a .
E_E 1fb;é0,c#0

( EXAMPLE 1 ) Writing Rational Numbers Written as Fractions in Lowest Terms

Classroom Example 1

18
Write 30 in lowest terms.

3
Answer: —
5

Divide out the common factor

l
B_95_5
18 92 2 °

Quick v4
1. When a rational number is written so there are no common factors in the
numerator and the denominator, the rational number is in lowest terms,

In Problems 2 and 3, write each rational number in lowest terms.

13-5 5 3@ 20
‘136 6 ‘12 3
_J

® @ Multiply and Divide Rational Numbers Written as Fractions

Teaching Tip

Remind students that when
multiplying and dividing rational
numbers, do not find the LCD.
Find the LCD when adding and
subtracting.

In Other Words

To multiply two rational numbers,
multiply the numerators and then
multiply the denominators. To divide
two rational numbers, multiply the
rational number in the numerator
by the reciprocal of the rational
number in the denominator.

DO DD HOHHODHO OO

We now review the methods for multiplying and dividing rational numbers.

(Multiplying Rational Numbers )

Step 1: Completely factor each integer in the numerator and denominator.

Step 2: Use the fact that if 4 and g, b # 0,d # 0, are two rational numbers,

b d
then £l _=
b d bd
\Step 3: Divide out common factors in the numerator and denominator. )

Dividing Rational Numbers

To divide rational numbers, use the fact that if % and 2, b # 0,c #0,d # 0, are
a

t tional numbers, then 2 = & + £ = 2
WO rational numoers, en—— — — — = —-
@ b d b

d
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( EXAMPLE 2 )

Classroom Example 2
Perform the indicated operation.
Express the answer in lowest terms.

3
5 56 10
[ b R
@75 O
25
8 5
A : - (b) =
nswer: (a) 3 (b) 3
Work Smart

In Example 2(a), rather than factoring
each numerator and denominator

individually and then dividing out like
factors, you could proceed as follows:

2 6
10 18 _ 1018
3 25 3-25
15
_2-6
1-5
Multiply numerators; 12
multiply denominators:  ~ 5

Multiplying and Dividing Rational Numbers Written as Fractions

Perform the indicated operation. Be sure to express the result in lowest terms.

14
10 18 5
(@) 3 s (b) 1
Solution 10
@ 1018 _2:5 92
3 25 3 5-5
25 3:3-2
T3 55
Multiply; use the Reduction Property to 205:3-3-2
divide out common factors: =
3-5-5
_2:3-2
-5
Multiply: = 1—2
5

(b) Rewrite the division problem as a multiplication problem by multiplying the

14 21
numerator, —, by the reciprocal of the denominator, 10 The reciprocal of

21. 10
E 1S E
14
5 14 10
20 5 21
10
Factor: = Q 2
5 7-3
. o 7:2:5:2
Multiply; divide out common factors: = ————
5-7-3
22 4
-3 3
Quick v/
In Problems 4-7 perform the indicated operation. Express your answer in lowest terms.
4
50 21 3 35 3 1 5 5 24 8 3
*KHJ'@Snyuz &531%TG» s
S

© Add and Subtract Rational Numbers Written as Fractions

In Other Words

To add two rational numbers with
a common denominator, add the
numerators and write the sum over
the common denominator.

DIDEDEDRD D

We now review addition and subtraction of rational numbers.

G\dding or Subtracting Rational Numbers

b b +b
Step 1: If % and = ¢ # 0, are two rational numbers, then% + - — 2 c and
©_b_e=b
c ¢ ¢

Gtep 2: Write the result in lowest terms.
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( EXAMPLE 3 ) Adding or Subtracting Rational Numbers with Common

Classroom Example 3 Denominators
Perform the indicated operation. Perform the indicated operation. Be sure to express the result in lowest terms.
Express the answer in lowest terms.
12 3 3 9 7 11 2 7
B T (7 R =+ = = -
@35 %35 ® 716 @ 2t ® 15715
3 3
Answer:  (a) 7 (b) ~3 Solution
@) 7 N 1 7+ 11
a _ _— =
24 24 24
8
24
. 6-3
Factor numerator and denominator: = a
. 3
Divide out common factors: = Z
2 7 2 -7
(b) e
15 15 15
_ S
15
. -1-5
Factor numerator and denominator: = ﬁ
o -1 1
Divide out common factors: =— = ——=
3 3 o
Quick v/
In Problems 8 and 9, perform the indicated operation. Express your answer in
lowest terms.
Classroom Example 4 8 11 + S5 4 9 3_B 5
Find the LCD of the rational numbers 12 12 3 18 18 9 Yy,
gand % Then rewrite each rational
number with the LCD. What if the denominators of the rational numbers to be added or subtracted are not
Answer: The LCD is 30; the same? In this case, rewrite each rational number over a least common denominator.
5_25 an 7 _ 14 The least common denominator (LCD) is the smallest integer that is a multiple of each
6 30 15 30 denominator.

( EXAMPLE 4 ) How to Find the Least Common Denominator

. . . 7 5 . . .
Find the least common denominator of the rational numbers 30 and TS Then rewrite each rational number with the least
common denominator.

Step-by-Step Solution

Step 1: Factor each denominator as 30=5-6=5-3-2 Work Smart

a product of prime factors, arranging 12 =34=1 3:2.2 Line up the factors vertically
like factors vertically. J( VLl to find the LCD.

Step 2: Find the product of each of the LCD =5-3-2-2 Teaching Tip

prime factors the greatest number of = 60 Remind students of the

times they appear in any factorization. definition of a prime number.

(continued)
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e . . .7 5 .
The Multiplicative Identity Property, 1+a = a, is used to write - and — with the

12
denominator 60. Multiply % by 1= % and multiply % byl= g
T _T1.72 > _ 00
30 30 2 12 12 5
_72 _5s
30-2 12-5
_14 _
60 60 {

Quick v

In Problems 10 and 11, find the least common denominator (LCD) of each pair of

rational numbers. Then rewrite each rational number with the LCD.
Classroom Example 5

3 2 3 9 2 10
Perfc;rm th;e indicat7ed oEeration: 10. 25 and 5 LCD = 75; 55 = 75915 — 75
@ )2+ s
15 10 2 3 5 35 1 2
1. —and —— LCD = 126;-2 = o} —— = ———
1 31 18 an 63 18 126° 63 126
Answer: (a) e (b) 3 J

( EXAMPLE 5 ) How to Add or Subtract Fractions Using the Least Common Denominator

Perform the indicated operation:

5 4 5 5
— + e
@353 ® %10
Step-by-Step Solution
5 4
- + —
@ 5 +3
Step 1: Find the least common denominator. Each denominator is prime, so the LCD = 2-3 = 6.
Step 2: Rewrite each rational number with the 5 . 4 53 n 42
common denominator. 23 23 3 2
158
6 6
Step 3: Add the numerators and write the result 15+ 8
over the common denominator. 6
3
6
Step 4: Write the result in lowest terms. The rational number is already in lowest terms.
NENE-
23 6
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5 5
(b) % 1
Step 1: Find the least common denominator. 28=7-4 =7-2-2
12 = 4-321 2-2-3
i
LCD =7-2:2-3
=84
Step 2: Rewrite each rational number with 5 5 B 5 3 5 7
the common denominator. 28 12 %g B E?
153
84 84
Step 3: Subtract the numerators and write _15-35
the result over the common denominator. Y
_—20
84
Step 4: Write the result in lowest terms. =54
21-4
_ -5
21
__3
21 [
The steps used in Example 5 are summarized below.
(Adding or Subtracting Rational Numbers with Unlike Denominators )

Step 1: Find the least common denominator.
Step 2: Rewrite each rational number with the common denominator.

Step 3: Add or subtract the numerators, and write the result over the common
denominator.

Gtep 4: Write the result in lowest terms. )

Quick v
In Problems 12—14, perform the indicated operation. Express your answer in lowest
terms.

3 1 19 3 2 17 5 11 1
Loz = = 2 L
.75 % 130T 15 e B0 0 o y
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Underlined exercise numbers have complete
R .3 Exe rcises M y Lab M at ® video slolutio:s inlMyLl:JbMath o;lmay be

accessed using the QR code to the right.

Problems 1-14 are the Quick Vs that follow the EXAMPLES. In Problems 33-51, add or subtract the rational numbers. Express
each sum or difference as a rational number in lowest terms. See
Building Skills Objective 3.
In Problems 15-20, write each rational number in lowest terms. 13 5 1 ; o 3 9 5
See Objective 1. °g + 3 "4 + 4
4 1 6 1
= = 16. — - 1 1 5 19 5 7
12 3 18 3 3s. 6 6 3 36. 6 "6 3
15 3 12 3
bh =— == 18. — — 3 1 5 -1 4 19
- A - =
35 7 28 7 37 173 T 38 7 9 &
—50 81
19.—— 5 20, — -3 1 5 13 5 5 25
- - L= — LS+ =
10 27 ¥ 4 6 12 40 8 12 24
In Problems 21-32, multiply or divide the rational numbers. Express
. . . 3 7 23 7 9 1
each product or quotient as a rational number in lowest terms. 41, — - — — PN— - = ——
oo 10 15 30 16 20 80
See Objective 2.
320 5 215 5 5 11 41 5 7 41
== = == = 43 — —— — M“d—+ = —
2L 4 9 3 22 36 3 18 15 90 24 32 9%
5 18 9 16 ) 7 3 23 7 2 9
——e— — == - (== — = 46. —— + — ——
2 6 5 ! 24 8 3 o 8 10 40 12 15 20
52 1 37 1 7 3 17 3 5 11
h=o—0 he—oes = 47. — — — 48, — + — —
2 8 15 12 26 14 12 8 24 20 120 28 12 21
5 25 2 2 8 3 7 2 41 5 1 3
27.= = — = 28. - - — = 49, —— - — — 50 ————— ——
2 4 5 3 9 4 9 15 45 18 45 10
6 12 -4 7 59
5 9 9 125 T30 150
= g 30.T B 52-54. See Graphi
7 57 0 —54. See Graphing
15 21
Explaining the Concepts Answer Section.
9 10 52. Explain how to write a rational number in lowest terms.
31. _2 6 3. _7 4 53. Explain how to find the least common denominator of two
3 3 rational numbers.
4 14

54. Explain how to add two rational numbers that do not have a
common denominator.
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R.4 Exponents; Order of Operations

Objectives

Exponents

@ Use the Order of Operations to

Evaluate Expressions

Classroom Example 1
Evaluate each expression.

[ 3
@ ®() @

Answer:

(@9 (b) % (c) 256

(» @ Evaluate Real Numbers with Exponents
© Evaluate Real Numbers with

Integer exponents indicate repeated multiplication. For example,
3*=3-3-3-3=281

In the expression 3%, 3 is the base and 4 is the exponent or power. The power tells us the
number of times to use the base as a factor.

Definition
If a is a real number and # is a positive integer, the expression a” represents the
product of n factors of a. That is,

i = @omo ooo og;
n factors
Thus, we have
al =a
a@=a-a
a@=a-a-a

and so on.
a" is read as “a raised to the power n” or as “a to the nth power.” a
“a squared” and a° as “a cubed.”

2 is usually read as

( EXAMPLE 1 )

Evaluating Expressions Containing Exponents

Evaluate each expression.
1 2
(@) 2° (b) <2> () 5*
Solution

(a) The expression 2° means that the base, 2, is used as a factor 3 times, so
p
2%=2.-2:2=38

1V 11 1 .
(b)<2> =35, (¢) 5 =555-5=625 °

( EXAMPLE 2 )

Classroom Example 2
Evaluate each expression.

() (—2)? (b) (=2)°

(c) -2 (d) —(-2)°
Answer:

(@4 (b)—8 (c)—4 (d)32

Teaching Tip

Emphasize the importance of
parentheses, i.e., the difference
between —2%and (—2)*

Evaluating Expressions Containing Exponents
Evaluate each expression.

(a) (-3)* (b) (—3)° (c) —3* @ —(-3)*

Solution

@ (=3)* = (=3)(=3)(=3)(-3) =81
(b) (=3)° = (=3)(=3)(=3)(=3)(-3) = —243
(¢) The expression —3* means the additive inverse, or opposite, of 3% That is,
-3 =-(3)(3)(3)(3) = -8L.
(d) —(=3)" = = (=3)(-3)(-3)(-3) = 81 °
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Work Smart The results of Examples 2(a) and 2(b) suggest that raising a negative number to an
The expressions (—3)* and —3* even integer exponent yields a positive number, while raising a negative number to an odd
are different. (—3)* means to use integer exponent yields a negative number. This conclusion is correct in general.

(—3) as afactor four times, while
—3* means to determine the additive

inverse of 3% That s, Quick v
(=3)* = (=3)(-3)(-3)(-3) = 81 1. In the expression 5°, the number 5 is the base and 6 is the $XPOnent or power
and 2. True or False —7* = (=7)(=7)(=7)(=7) False
—3'=-(3)(3)(3)(3) = -8 In Problems 3-8, evaluate each expression.
Another way to look at —3%*is —1-3% 2\3 g
3.4 o4 4. (=7)% 49 5 (-10)% 6. (3> 5 -8 64 8 —(-5)3
—1000

125 _J

@ Use the Order of Operations to Evaluate Expressions

To evaluate an expression containing both multiplication and addition,such as 2 + 3+ 7,
order of operation dictates the following:

If the two operations of addition and multiplication separate three numbers, always
multiply first, then add.

Therefore,2 + 37 =2 + 21 = 23.

( EXAMPLE 3 ) Finding the Value of an Expression

Classroom Example 3 Evaluate each expression.

Evaluate each expression. (@ 3 +4-5 M) 8-2 +1
(@6 +2+7 (b)3:5+38

Answer: (a) 20 (b)23

Solution
(a) Don’t forget to use the order of operations. Multiply before adding.
3+4-5=3+20

=23
(b)8-2+1=16+1
=17 {
Quick v
In Problems 9 and 10, evaluate each expression.
9.5:2+6 16 10. 3-2 +5-6 36 y,

When addition is to take place before multiplication, parentheses will be used. For
example, to evaluate (2 + 3) -7,add 2 and 3 first, then multiply the sum by 7

( EXAMPLE 4 ) Finding the Value of an Expression

Classroom Example 4 (@ (6 +2)-4=28-4 (b) (8—3)(7+3)=5-10
(E;/)aEJ;t(e6eid;;sxpre55|on. =3 =50 P
(b) (4 +5)(7—3)
Answer: (a) —26 (b) 36 Quick v

In Problems 11-14, evaluate each expression.

11. 4(5 +3) 32 12. 8(9 —3) 48

13. (12 — 4) (18 — 13) 40 14. (4+9)(6—4) 20
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Work Smart

Do not use the Reduction Property
across addition.

This is incorrect:

4+5 2-2+5
6+12 2:-3+12
_2+5 7
3+12 15
This is correct:
4+5 9
6+12 18
_1
2

Section R.4 Exponents; Order of Operations CR-31

+5 .. L .
6+ 12 it is understood that the division bar acts like parentheses.
This means evaluate the expressions in the numerator and denominator FIRST, and then
divide. That is,

In expressions like

445 1

C(4+5) 9 91 1
6+12 (6+12) 18 9-2 2

This rule will be extremely important throughout the course.

In addition to parentheses, grouping symbols include brackets [ |, braces { }, and
absolute value symbols | |.

If one set of grouping symbols is embedded within a second set of grouping symbols, as
in2 + [3 + 2(9 — 4) ], simplify within the innermost grouping symbols first.

( EXAMPLE 5 )

Classroom Example 5

Evaluate each expression.
8+7

(@) - —

6:5-3

(b)2+[6—4(3—5)]

(b) 16

O | U1

Answer: (a)

Work Smart

When one set of parentheses is
embedded within another set of
parentheses, simplify the expression in
the innermost parentheses first.

Finding the Value of an Expression

Evaluate each expression.

3+7
J’_ J—
(a)6+4,6 (b) 9[8 + 4(10 — 7)]
Solution
® 3+7 347
Verae6 6+ 04
_ 10
30
_1
3

(b) Evaluate the expression in the innermost grouping symbols first.
9[8 +4(10 —=7)] =9[8 +4(3) ]
=9[8 + 12]
=9-20
= 180 ]

Quick v/
In Problems 15-18, evaluate each expression.
3+7 10
b = .1 —4+8-2+
154+913 16. 1 —4+8-2+5 18
3+5 4

17. 25[2(8 —3) — 8] 50 18—

[2( ) ] 8 2(9—-4) 5

Order of Operations with Exponents

When are exponents evaluated in the order of operations? In the expression 3 - 2, do we
multiply 3 and 2 first and then raise this product to the 4th power to get 1296, or do we
first raise 2 to the 4th power to get 16 and then multiply this by 3 to obtain 48? Because
2*=2-2:2-2, we have 3:2* = 3-2:2-2-2 = 48, which indicates that exponents
should be evaluated before multiplication.
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Teaching Tip

Students may be familiar with

the expression “Please Excuse My
Dear Aunt Sally” as a mnemonic
device to remember the order of
operations. Remind students that “P”
(parentheses) is not an operation,
just a guide to remembering where
to begin evaluating an expression.
In addition, this mnemonic device
may mislead students into thinking
they should always multiply before
dividing, or always add before
subtracting.

/Order of Operations

1. Evaluate expressions within parentheses first. When an expression has more
than one set of grouping symbols, begin with the innermost grouping symbols
and work outward.

. Evaluate expressions containing exponents, working from left to right.
. Perform multiplication and division, working from left to right.

2
3
\4. Perform addition and subtraction, working from left to right.

Quick v

19. The order of operations is (1) _parentheses 7y exponents
multiplication division addmon subtractlon
3) p and ,(4) and .

In Problems 20-24, evaluate each expression.
7+5
4 + 10

20.6 +5-2 16 21. (3+9)-4 48 22,

NN

23. 4+ [(8—3)-2] 14 24. 4(6 —2) —9 7

( EXAMPLE 6 )

Classroom Example 6
Evaluate each expression.

(@)3(-2)? +4(7 - 2°)
—1-12 4 2(-1)2
3(5-9)

Answer: (a)8 (b)

[e Y NE,]

Evaluating Expressions Using the Order of Operations

Evaluate each expression.
1
(@ 6 +4-3° (b) 1-23+9-4—2-52
Solution

(a) Evaluate the exponent first:

6+4:33=6+4-9
Multiply: = 6 + 36
=4

1 1
(b) 1-23 +9:4-2-5 = 7894225

Multiply: = 2 + 36 — 50
Add from left to right: = 38 — 50
=-12

( EXAMPLE 7 )

Classroom Example 7
Evaluate each expression.

8% — 6-5
W]
(b)3 —4[7% + (3)(-5)]

17
Answer: (a)f? (b) —133

Evaluating Expressions Using the Order of Operations

Evaluate each expression.

2+3-4 ; 5
@ S5 () —2[=(=2)" = 4(10 = 7)7|
Solution
2+4+3-42 2+3-16
(a) =
5(6 —2) 5.4
2448
20
_ 50
20
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Note to Instructor

Quick Check exercises are designed
as homework. For best results, assign
them.

Section R.4 Exponents; Order of Operations

_5-10

2-10
Divide out the common factor, 10: = 5

(b) The absolute value bars form a grouping symbol, so simplify within the
absolute value bars first.

Evaluate inner parentheses first:

—2[=(=2)° - 4(10 = 7)’| = =2[=(-2)° - 4(3)|
Evaluate exponents: = —2|—(—8) — 49|

—-2[8 — 36|

—2|-28|

= —2-28

=56

Quick v

In Problems 25-30, evaluate each expression.

26. 5:3-3-2> -9
28.3(—2)2+6:3—3-4* 18

25. -8 +2-5% 4
27. 5(10 — 8)2 20
4 + 6

——— 5 . —3|72 - 2(8 - 5)3
2. 30. —3|7* - 2(8 - 5)°|

=13

CR-33

R Y CI(AIEY MyLabMath®

Underlined exercise numbers have complete
video solutions in MyLabMath or may be
accessed using the QR code to the right.

Problems 1-30 are the Quick\/sthatfollow the EXAMPLES. 53.3[2+3(1+5)] 60 54.2[25—2(10—-4)] 26
Building Skills 55. (3 —3)(3 = (=3)°) 56. —2(5 —2) — (=5)> 31
In Problems 31-38, evaluate each expression. See Objective 1. 57. ’3(6 — 32” 9 180 58. _2(4 + ‘2.3 _ 52‘) —46
3L (-3)* 81 32. (—4)° -o4 59. [4[2-5 + (=3)-4]| 8 60. |6(3-2 — 10)| 24
33. —5* —625 34. —16 - 2.5+ 15 5 - 2.32 3
35. —(-2)° 8 36. —(—7)° 343 T2 +3.2 2 T4 -4 2
2\2 3\4 3 2(4 + 8 3(5 + 22
3. —() . 38, —() B 63, 2418 6 252 1
3 9 4 256 3 4+ 32 7.33 9
. . 6[12-3(5-2)] 6 4[3+2(8-6)] 7
Mixed Practice 65. S[21 —2(4 + 5)] 5 66. S[14-22+3)] 5

In Problems 39-74, evaluate each expression.

39. 42— 32 7 40.
41.3-2+9 15 42.
43.4+2(6-2) 12 44,
45. —2[10 — (3—7)] 4.

—28

w2 =D 48
L ¢ .
49.|3:2 —4-5| 14 50.
2
5L12-5 -52 -2 s

(=3)2 + (=2)% 13
—5:3+12 -3
2+5(8-5) 17
3[15— (7-3)] 33

12-4
-2

|6:2 —5-3] 3
3

15-= +4-3 21
5

S

71.

73.

G)GS) 3
"\3/\»B -2 3

3? -2t-3 7

T4(?-2-3) 4

2:4 -5 3?2 3
i+
42+ (-2)3
2-3+3 4
74_7
2:5—-38 3 53
76-3)
14 — 23

2% 2

Copyright © 2019 Pearson Education, Inc.

8. S 1
29-3-22) 4+5

70. 25 + 4(=5) + 4 28
" 5(37-6%) 7.2 -4 13
T 6:2-3 S+4 9
4 3
2-1 507-5
" 025 1
—-(=2)? =
4-7+2



CR-34 CHAPTERR Elementary Algebra Review

Applying the Concepts
In Problems 75-78, insert parentheses in order to make each
statement true.

75.3:7-2=15
3.(71-2) =15

7.3 +5-6 —3 =18
3+5-(6-3) =18

76. —2:3 —-5=4
—2-(3-5) =4
78.3 +5:6 —3=24

(3+5)-(6—3) =24

/\ 79. Geometry The surface area of a closed right
circular cylinder whose radius is 5 inches and
height is 12 inches is given approximately by
2:3.1416-5% + 2-3.1416-5- 12. Evaluate this
expression, rounding your answer to two decimal
places. 534.07 in.?

/\ 80. Geometry The surface area of a sphere whose radius
is 3 centimeters is given approximately by
4+3.1416 - 3%, Evaluate this expression, rounding
your answer to two decimal places. 113.10 cm.”

81. Hitting a Golf Ball The height (in feet) of a golf ball
hit with an initial speed of 100 feet per second after
3 seconds is given by —16 - 3> + 50 - 3. Evaluate this
expression in order to determine the height of the
golf ball after 3 seconds. 6 feet

82. Horsepower The horsepower rating of an engine is
10*-8

2.5
the horsepower rating of the engine. 320 hp.

. Evaluate this expression in order to determine

Math for the Future Problems 83 and 84 show some computations required in statistics. Completely simplify each expression.

105 + 80 + 115 + 95 + 105

83
5

00

, (105 - 100)2 + (80 — 100)2 + (115 — 100) + (95 — 100)% + (105 — 100)>

4

175

Explaining the Concepts 85-88. See Graphing Answer Section.

2+7 7
85. Explain why 249 7 9

86. Develop an example that illustrates why we perform
multiplication before addition when there are no
grouping symbols.

87. Develop an example that illustrates why we evaluate
exponents before multiplication when there are no
grouping symbols.

88. Explain the difference between —4° and (—4)°.

Technology Exercises

Calculators can be used to evaluate exponential expressions.
Figures 11(a) and (b) show the results of Examples 2(a), (b),
and (c) using a graphing calculator.

Figure 11

NORMAL FLOAT AUTO REAL RADIAN MP n
3"
................................................ 81,
-3)°
............................................. 243,
_3‘1
............................................... 81,

(a) (b)

Graphing calculators know the order of operations.
Figure 12(a) shows the result of Example 6(b), and
Figure 12(b) the result of Example 7(a), using a graphing
calculator. Be careful with the placement of parentheses
when using the calculator!

Figure 12
NORMAL FLOAT AUTO REAL RADIAN MP n
(1/4)%x2°+9%4-2x5% (2+3%4%) /(5% (6-2))»Frac
-12 s
T e, z.
a ]
(@ )

In Problems 89-96, use technology to evaluate each expression.
When necessary, express answers rounded to two decimal places.

4 2\% 16
89.5—<3) 0
6\ 159
90.3—<5> 125

91. =

-2 1
1+3:2 7
35

93. —— — 6.2°
13

92.

—212.96

4 8
234 — — (37)%-~ -2633

94.23% 2 = (37)%3 26

95. 43[9.3%2 — 4(342 + 18.5)] 53453

96. 6.3% + 422 5733
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R.5 Algebraic Expressions

[

s
[E]F%;

Objectives

© Translate English Expressions
into Mathematical Language

@ Evaluate Algebraic
Expressions

© Simplify Algebraic Expressions
by Combining Like Terms

o Determine the Domain of a
Variable

~
In Other Words

~ In algebra, letters of the alphabet
are used to represent numbers.

Work Smart

An algebraic expression is not the
same as an algebraic equation. An
expression might be x + 3 while an
equation mightbe x + 3 = 7. Do
you see the difference?

Remember that if a letter is used to represent any number from a given set of numbers,

it is called a variable. A constant is either a fixed number, such as 5 or \/5, or a letter
that represents a fixed (possibly unspecified) number. For example, in Einstein’s Theory
of Relativity, E = mc?, E and m are variables that represent total energy and mass,
respectively, while c is a constant that represents the speed of light (299,792,458 meters
per second).

An algebraic expression is any combination of variables, constants, grouping symbols
such as parentheses ( ) and brackets [ ], and mathematical operations such as addition,
subtraction, multiplication, division, and exponents. The following are examples of

algebraic expressions.
Svt — v

4 —v

3x + 4 2y? — 5y — 12z

Translate English Expressions into Mathematical Language

One feature of mathematics is that various English phrases can be translated into a few

math symbols. Table 2 lists some English words and phrases and their corresponding math
symbols.

T

~

able 2 Math Symbols and the Words They Represent
Add (+) Subtract (-) Multiply (-) Divide (/)
sum difference product quotient
plus minus times divided by
more than subtracted from of per
exceeds by less twice ratio
added to decreased by

@creased by

( EXAMPLE 1 )

Classroom Example 1

Express each English phrase as an
algebraic expression.

(a) The sum of a number nand 5

(b) The difference of a number k and 7
(c) The sum of twice a number x and 5
(d) The quotient of a number y and 3

Answer: (@a)n + 5 (b)k — 7
()2x + 5 (d)%

Writing English Phrases Using Math Symbols
Express each English phrase as an algebraic expression.

(a) The sum of 3 and 8

(b) The quotient of 50 and some number y
(¢) 9less 15

(d) Twice the sum of a number x and 5

Solution

(a) A sum implies the + symbol, so “the sum of 3 and 8” is represented
mathematically as 3 + 8.

50
(b) “The quotient of 50 and some number y” is represented mathematically as 7

(¢) “9less 15”is represented mathematically as 9 — 15.

(d) “Twice the sum of a number x and 5 is represented as 2 (x + 5). Notice that
the example said “twice the sum.” (The English phrase represented as 2x + 5
might be “the sum of twice a number and 5.” Do you see the difference?) [
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Teaching Tip

Point out that the word “evaluate”
contains the word VALUE—to evaluate
an expression means to find its
numerical value.

Quick v/

1. A variable js a letter used to represent any number from a given set of numbers.

2. A constant js either a fixed number or a letter used to represent a fixed (possibly
unspecified) number.

In Problems 3-8, express each English phrase using an algebraic expression.

3. Thesumof3and 11 3 + 11 4. The productof6and7 6-7

6. The difference of 3 and z

8. The difference of twice a number x
and3 2x — 3

5. The quotient of y and 4 % 3-2z2

7. Twice the difference of x and 3
2(x — 3)

J

@ Evaluate Algebraic Expressions

To evaluate an algebraic expression, substitute a numerical value for each variable in the
expression, and simplify the result.

( EXAMPLE 2 )

Classroom Example 2
Evaluate each expression for the given
value of the variable.
(@) 5z — 3forz = 2
4n — n?
b
(b) n+ 2

forn = -5

2
@[3y~ 5l fory =2

Answer: (@)7 (b)15 (c)3

Work Smart

Be sure to use parentheses when you
substitute a number in for a variable
raised to an exponent.

Classroom Example 3

The algebraic expression

2x + 2(x + 6) represents the
perimeter of a rectangle whose width
is 6 inches more than the length, x.
Evaluate the algebraic expression for
x =05,8 and 12.

Answer: 32 inches, 44 inches,

60 inches

Evaluating an Algebraic Expression

Evaluate each expression for the given value of the variable.
2

(@) 4x + 3forx =5 (b) %forz =9 (¢) |10y — 8| fory = %
Solution
(a) Substitute 5 for x in the expression 4x + 3.
4(5) +3=20+3=23
-7+ 4z

(b) Substitute 9 for z in the expression 1

—(9)?+4-9 -81+36 -45 -9-5 -9 9

9+ 1 10 0 52 2 2
1
(c) Substitute  fory in the expression |10y — 8|.
1
‘10-2—8‘=|5—8|=|—3|=3 °

Quick V4

9. To evaluate an algebraic expression, substitute a numerical value for each
variable in the expression, and simplify the result.

In Problems 10-13, evaluate each expression for the given value of the variable.

10. —5x + 3forx =2 7 11. y> — 6y + 1fory = —4 41
+8
12. 2

1
forw =4 1 13. \4x—5]forx=5 3

( EXAMPLE 3 )

Evaluating an Algebraic Expression

The algebraic expression 2x + 2(x + 10) represents the perimeter of a rectangu-
lar field whose length is 10 yards more than its width. See Figure 13 on the next page.
Evaluate the algebraic expression for x = 4, 8, and 10.

Copyright © 2019 Pearson Education, Inc.
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Solution

x+ 10

Evaluate the algebraic expression 2x + 2(x + 10) for each value of x.
x =4 2(4) +2(4 +10) =8 + 2(14) = 8 + 28 = 36 yards
x=8& 2(8) +2(8 +10) =16 + 2(18) = 16 + 36 = 52 yards
10: 2(10) + 2(10 + 10) = 20 + 2(20) = 20 + 40 = 60 yards ]

X

Quick ve
14. The algebraic expression 113x approximates the number of Japanese yen

that you could purchase for x dollars. Evaluate the algebraic expression for

x = 100, 1000, and 10,000 dollars. (Source: Yahoo! Finance)
11,300 yen; 113,000 yen; 1,130,000 yen

15. The algebraic expression §(x — 32) represents the temperature in degrees

Celsius that is equivalent to x degrees Fahrenheit. Determine the equivalent
temperature for x = 32, 86, and 212 degrees Fahrenheit. 0°C;30°C;100°C

J
© Simplify Algebraic Expressions by Combining Like Terms

One way to simplify algebraic expressions is to combine like terms. A term is a number
or the product of a number and one or more variables raised to a power. In algebraic
expressions, terms are separated by addition signs. See Table 3, which lists the terms in
various algebraic expressions.

(Table 3 A
Algebraic Expression Terms
5x + 4 5x, 4

72 -8 +3=7+ (—8) +3 7x%—8x3

sz + 7y? 3x?,7y? W,

Notice that in the algebraic expression 7x*> — 8x + 3, we first rewrite it with only
addition signs as 7x* + (—8x) + 3 to identify the terms.

Terms that have the same variable(s) and the same exponent(s) on the variable(s) are
like terms. For example, 3x and 8x are like terms because both terms have the variable
x raised to the 15t power. Also, —4x’y and 10x’y are like terms because both have the
variable x raised to the 3" power, along with y raised to the 1% power. The numerical
factor of the term is the coefficient. For example, the coefficient of 3x is 3; the coefficient
of —4x’y is —4. Terms that have no number as a factor, such as xy, have the coefficient
one (1) because xy = 1-xy.The coefficient of the term — z is negative one (—1) because
—z = —1-z.If a term consists of just a constant, the coefficient is the number itself. For
example, the coefficient of the term 19 is 19.

To combine like terms use the Distributive Property “in reverse.”

® ( EXAMPLE 4 ) Combining Like Terms

Classroom Example 4 Simplify each algebraic expression by combining like terms.
Simplify each algebraic expression by (a) 5x + 3x b z+77-5

combining like terms. i

(@2n+7n (b)r+5r—7 Solution

Answer: (a)9n (b) 6r — 7 @ 5¢r +3x = (5+3)x =8

(b) Since z = 1-z because of the multiplicative identity, it follows that
z+7z—-5=1z+7z -5
Use the Distributive Property “in reverse” = (1 + 7)z — 5

Combine like terms: = 87 — 5 ([

Copyright © 2019 Pearson Education, Inc.
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Quick v/

16. Terms that have the same variable(s) and the same exponent(s) on the
variables are called like terms,

17. The coefficient of the term —m is —L.
In Problems 18-21, simplify each expression by combining like terms.

18. 4x — 9x —5x 19. —2x% + 13x* 11x°
20. 5x —3x+6—-3 -8 +3 21. 6x — 10x — 4y + 12y  —4x + 8y

Sometimes terms must be rearranged using the Commutative Property of Addition to
combine like terms.

( EXAMPLE 5 ) Combining Like Terms Using the Commutative
and Distributive Properties

Classroom Example 5 Simplify each algebraic expression.
Simplify each algebraic expression. 2 a2 _ _
(@) 8y? — 3 + 2y? + 11 (@ 13y° +8 —4y“ +3 (b) 12z +5+5z -8z -2

(b) 5k + 6 + 4k — 10k — 5

5 Solution
Answer: (a) 10y* + 8 (b) —k + 1

(a) Use the Commutative Property to rearrange the terms.
13y +8 -4 +3 =13 — 4> + 8 + 3
Use the Distributive Property “in reverse”: = (13 — 4)y? + 8 + 3
Combine like terms: = 9y? + 11
(b) Rearrange terms before using the Distributive Property.

122z +5+5z2 -8 —-2=12z2 +52 -8z +5—2
Use the Distributive Property “in reverse”. = (12 + 5 — 8)z + 5 — 2
Combine like terms: = 97 + 3 Y

Quick v

In Problems 22-24, simplify each expression by combining like terms.

22. 10y —3+5y+2 15y -1 23. 0.5x2 + 1.3 + 1.8x% — 0.4 23x> + 0.9
24. 4z + 6 — 827 —3 —2z —6z+3
J

It may also be necessary to remove parentheses using the Distributive Property before
combining like terms.

( EXAMPLE 6 ) Combining Like Terms Using the Distributive Property

Simplify each algebraic expression.

Classroom Example 6 @ S5(x—3) - 2 (b) x +4—2(x +3)
Simplify each algebraic expression. i
(@4(x —2) —x Solution

(b)7p +5—3(p — 6)

(a) First, use the Distributive Property to remove the parentheses.
Answer: (a)3x — 8 (b)4p + 23

A N
S5(x—=3) —2x=5x—15 - 2x
Rearrange terms: = Sy — 2x — 15

Combine like terms: = 3x — 15
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(b) Distribute —2 to remove the parentheses.
A N
xX+4-2(x+3)=x+4-2x—-6
Rearrangeterms: =x —2x + 4 — 6

Combine like terms: = —x — 2 o

( EXAMPLE 7 ) Combining Like Terms Using the Distributive Property
Simplify each algebraic expression.
8&x —3
5

1
S5(x—=3) — (7x—4 b) —(4x + 3) +
Classroom Example 7 @ S(x ) (7x ) ®) 2( * )

Simplify each algebraic expression. .

(a) 23m + 4) — (8m + 2) Solution

(b) 2 (6x + 4) + 2x — 1 (a) When grouping symbols are preceded by a minus sign, multiply the terms in the
3 6 grouping symbol by —1.

13 .5 5x=3)—(7x—4) =5(x—-3)-1(7x — 4)
2 Use the Distributive Property: = 5x — 15 — 7x + 4
Rearrangeterms: = 5x — 7x — 15 + 4
Combine like terms: = —2x — 11

8x-3 1
5 5

1
(b) Use the fact that% =3 80 (8x — 3).

1 8 — 3 1
— (4x +3) + ==
2(4x 3) 5 >
1
2

Use the Distributive Property: =

— 3
Simplify: =2x + =+ —x — =

Rearrange terms; rewrite fractions 10 8 15 6
with least common denominator: = —x + —x + — — —

Combine like terms: =

Quick 4

In Problems 25-30, simplify each expression by combining like terms.
25.3(x —2) +x 4x—6 26. 5(y +3) — 10y —4 -5y + 11
27.3(z +4) —23z+1) -3z +10 28. —4(x —2) — (2x +4) —6x+ 4

15x + 5 Sx—1 5x+9 25x+25 25(x+1)
1 30. =
5 3 2 6 6 Y,

1
29. S(6x + 4) —

@O Determine the Domain of a Variable
In some algebraic expressions, the variable may be allowed to take on values from only a
certain set of numbers. For example, in the expression o the variable x cannot take on the

value 0, because this would cause division by 0, which is not defined.

Definition

The set of values that a variable may assume is called the domain of the variable.

Copyright © 2019 Pearson Education, Inc.
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( EXAMPLE 8 ) Determining the Domain of a Variable

Classroom Example 8 Determine which of the following numbers are in the domain of the variable x for the
Determine which of the following

numbers are in the domain of the

expression
X

. + 3
variable x for the expressmnx = @ x =3 () x =0 (€ x=-3
(@x=7 (b)x=-3
(@x=5 (d)x=0 Solution
Answer: (a)yes (b)yes Determine whether the value of the variable causes division by 0. That is, determine
(c)no (d)yes whether the value of the variable causes x + 3 to equal 0. If it does, exclude it from

the domain.

(a) When x = 3, the denominatorisx + 3 = 3 + 3 = 6, so 3 is in the domain of
the variable.

(b) When x = 0, the denominatorisx + 3 = 0 + 3 = 3, so 0 is in the domain.
(¢) When x = —3, the denominator x + 3 = —3 + 3 = 0, so —3is NOT in the
domain. ()
Quick v
31. The set of values that a variable may assume is called the domain of the
variable.

Note to Instructor
Quick Check exercises are designed
as homework. For best results, assign

In Problems 32-34, determine which of the following numbers are in the domain of
the variable.

them. @ x=2 b)) x=20 (c) x =4 d x=-3
2 X x+3
32. 33. 4. ——
x—4 x+3 ¥ +x—6

All except x = 4 All except x = —3

x=0;x=4 _J

® Underlined exercise numbers have complete
video solutions in MylabMath or may be
accessed using the QR code to the right.

LR IC{HIY MyLabMat

45. The quotient of some number y and 3 increased by

Problems 1-34 are the Quick Vs that follow the EXAMPLES.
the product of 6 and some number x % + 6x

Building Skills

In Problems 35-46, express each English phrase using an algebraic
expression. See Objective 1.

46. Twice some number x decreased by the ratio of a
number yand3 o, - %

In Problems 47-62, evaluate each expression for the given value of
the variable. See Objective 2.

47. 4x + 3forx =2 11

48. —5x + 1forx = -3 16
49. x> + 5x — 3forx = -2 -9
50. y> — 4y + Sfory =3 2
51.4 — ?forz = =5

35. The sum of 5 and a numberx 5 + x
36. The difference of 10 and a number y 10 — y
37. The product of 4 and a number z 4z

38. The ratio of a number x and 5 %C

39. A number y decreased by 7 y - 7

40. A number z increased by 30 z + 30

=2
41. Twice the sum of a number tand 4 2(r + 4)

c 45 52.3 + z — 2z%forz = —4 33
42. The sum of a number x and 5 divided by 10 - 0 = o N
43. Three less than five times a number x  5x — 3 33. w2 +ow +1 ey = < 8
44. Th i i h i f 4z + 3
ree times a 1}umber z increased by the quotient o sq. forz =3 3
zand 8 37 + < 22—
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5S. 1/2-1—27v+1f0rv =5 -

ve+3v + 2
s6. 25 X 2y ]

X" +5x +6 6
57. |5x — 4| forx = =5 29
58. [x> —6x + 1| forx =2 7
59. (x + 2y)2forx =3,y = —4 25
60. (a — 5b)*fora=1,b =3 1%
61. Mforx =1 =

|4x — 10| 2
62. Mfor z = 4 undefined

(z —4)?

In Problems 63-92, simplify each expression by combining like terms.
See Objective 3.

63.3x — 2x «x
64. 5y + 2y 7Ty
65. -4z — 2z +3 —6z+3
66. 8x —9x +1 —x+1
67. 13z +2—-14z -7 —z-5
68. —10x + 6 +4x —x+1 —7x+7
69. %x + %x %x

3
70. Ey S Ey %
7L 2x + 3x% — 5x + x? 4> — 3x
72. —x — 3x% + 4x — x* 4+ 3x
73. —13x — 34 + 29x + 34 1lo6x
74. 2.5y — 1.8 — 14y + 04 1.1y — 14
75.3x -2 —x+3 —5x -3x+1
76. 10y +3 —2y + 6 +y 9y +9
77. —2(5x —4) — (4 +1) —l4x +7
78.3(2y +5) —6(y +2) 3

79.

80.

81.

82.
83.
84.

8s.

S(z+2) —6z —z+10

1 1
5(20)6 = 14) Pr 5(6)6 ol 9) 12x — 4

2 1

= — + — + 4x — 3
5(5x 10) 4(8x 4) 4x

4w +2) +3(4w + 3) low + 17
2(v —=3) +52v—1) 12v - 11
—4(w—=3) — 2w+ 1) —6w + 11
3 8 +3 9
5(10x+4) - 2x +E

86.
3

87.

88.

89.
90.
91.
92.

Section R.5 Algebraic Expressions CR-41

4 2 82 44
3+ -G —4) Sy+is

5<3 _2>+2(1 +1> 13
6\ 10"~ 5/) " 3\6* "2/ 36"

1(2 _1>+1(5 _15) 5.1
4\3" 7 2 w\2*"41/) 12° 2

43(12x — 23) +93x — 5.6 14.46x — 1549
0.4(2.9x — 1.6) — 2.7(0.3x + 6.2) 0.35x — 17.38
6.2(x — 1.4) — 54(32x — 0.6) —11.08x — 5.44
9.3(0.2x — 0.8) + 3.8(1.3x + 6.3) 68x + 165

In Problems 93-98, determine which of the following numbers are in
the domain of the variable. See Objective 4.

@x=5 Mx=-1 @x=-4 @x=0

3
—— Allexceptx =5 94.

93.X_5 o All except x = —1
+ +

05, X1 4y 96. * % i

x+5 x—1
+ 1

97. 5~ 98, 5
x° — S5x X"+ 5x + 4
x=-1,x= -4 x=5x=0

Applying the Concepts
/\ 99. Volume of a Cube The algebraic expression s°

/A\100.

represents the volume of a cube whose sides are
length s. See the figure. Evaluate the algebraic
expression for s = 1, 2, 3, and 4 inches.

1in?; 8 in. %27 in.% 64 in?

S
Area of a Triangle The algebraic expression
> h(h + 2) represents the area of a triangle whose

base is 2 centimeters longer than its height 4. See
the figure. Evaluate the algebraic expression for
h = 2,5, and 10 centimeters. 4 cm’; 17.5 cm’; 60 e’

h+2
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101. Projectile Motion The algebraic expression
—16¢% + 75t represents the height (in feet) of a golf
ball hit at an angle of 30° to the horizontal after
t seconds.

(a) Evaluate the algebraic expression for ¢t = 0, 1, 2, 3,

and 4 seconds. 0 ft.; 59 ft.; 86 ft.; 81 ft.; 44 ft.
(b) Use the results of part (a) to describe what

happens to the golf ball as time passes.
Height increases, reaches a max, then dccrgascs
102. Cost of Production The algebraic expression
30x + 1000 represents the cost of manufacturing
x watches in a day. Evaluate the algebraic expression

for x = 20, 30, and 40 watches. $1600; $1900; $2200

103. How Old Is Tony? Suppose that Bob is x years of age.
Write a mathematical expression for the following:
“Tony is S years older than Bob.” Evaluate the

expression if Bobis x = 13 yearsofage. x + 5:18 years

104. Getting a Discount Suppose the regular price
of a computer is p dollars. Write a mathematical
expression for the following: “I’ll give you $50 off
regular price.” Evaluate the expression if the regular
price of the computer is $890. p — 50; $840

105. Getting a Big Discount Suppose the regular price
of a computer is p dollars. Write a mathematical
expression for the following: “I’ll give you half off
regular price.” Evaluate the expression if the regular
price of the computer is $900. | P $450

106. How Old Is Marissa’s Mother? Suppose that Marissa

is x years of age. Write a mathematical expression for
the following: The age of “Marissa’s mother is twice
the sum of Marissa’s age and 3.” How old is Marissa’s
mother if Marissa is x = 18 years of age?
2(x + 3);42 years
Math for the Future For Problems 107 and 108, evaluate the
X—p

expression for the given values.

107. X = 120, w = 100, 0 = 15

108. X = 40, = 50,0 = 10 1

109-118. See Graphing Answer Section.
In Problems 109114, write an English phrase that would translate
into the given mathematical expression.

109. 2z — 5 110. 5x + 3
z+3

(N

111 2(z - 5)

113.

112.5(x + 3) 114. é _py

Explaining the Concepts

115. Explain the difference between a variable and a
constant.

116. Explain the difference between a term and a factor.

117. Explain what like terms are. Explain how the
Distributive Property is used to combine like terms.

118. Explain the difference between the direction
“evaluate the algebraic expression” and “simplify the

algebraic expression.”

Technology Exercises

Technology can be used to evaluate an algebraic expression.
Figure 14 shows the results of Example 2 using a graphing

calculator.
Figure 14
S5>X 9>2
.................................................. Bl fieregeeeieeeeeieee e 2
4X+3 (-z%+42)/(z+1))Frac
................................................ 23. -2
L | 2.
(a) (b)

1/2>Y

.................................................. 2.

110Y-81

.................................................. 3

L]

(©

In Problems 119126, use technology to evaluate each algebraic
expression for the given values of the variable.
119. —4x + 3for(aA) x = 0(b)x = =3 (@3 (b)15
120. —5x + 9for(a)x = 4(b)x = =3 (a) —11 (b)24

121. 4x? — 8x + 3for (@) x = 5(b)x = =2 ()63 (b) 35
122. —9x2 + x — Sfor(@)x =3 (b) x = —4 @ 8

(b) —153
3z -1 _ _ 7 .23
123. 211 for(a)z = -2(Mm)z =8 (a) 5 (b) 65
2y% + 23 133
124. 3y_1for(a)y—3(b)y——8 (a)g(b)*25

125. |-9x + 5| for (a) x = 8 (b) x = —3
126. |-3x> + 5x — 2| for (@) x = 6 (b) x = —

2
127. Use technology to evaluate o
result is displayed? Why?

128. Use technology to evaluate

(a) 67 (b) 32

4(a) 80 (b) 70
+1
5 when x = 5. What

Error; zero denominator
x+2

(x +2) (x — 2) Vhen

x = —2. What result is displayed? Why?

Error; zero denominator
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R.6 Square Roots

Objectives

@ Evaluate Square Roots of Perfect

Squares

@ Determine Whether a Radical
Is Rational, Irrational, or
Not a Real Number

© Evaluate Radical Expressions

Containing Variables

@ Use the Product Rule to Simplify

Square Roots

DED D D)

In Other Words

Taking the square root of a number
"undoes" squaring a number.

. "
IS a.

DIDED DD D)

In Other Words

The notation b = \Va means
"produce the number b greater
than or equal to O whose square

In Section R.4, exponents were introduced. Exponents indicate repeated multiplication.
For example, 4> means 44, so 4> = 16;(—6)2 means (—6)(—6) = 36. This section
will show how to “undo” the process of raising a number to the second power and ask
questions such as, “What number, or numbers, when squared, give me 16?”

Evaluate Square Roots of Perfect Squares

A real number is squared when it is raised to the power of 2. The inverse of squaring
a number is finding the square root. For example, since 5> = 25 and (—5)2 = 25, the

16 4 4
square roots of 25 are —5 and 5. The square roots of 025 and 7

The symbol \/, called a radical, is used to denote the principal square root, or
nonnegative (zero or positive) square root.

Definition
If a is a nonnegative real number, the nonnegative real number b such that b> = a
is the principal square root of a and is denoted by b = Va.

For example, the principal square root of 25 is written V25 = 5. We read V25 =
as “the principal (or positive) square root of 25 is 5.” If we want the negative square
root of 25, use the expression — V25 = —5.

e Every positive real number has two square roots, one positive and one negative.
e The square root of 0 is 0. That is, VO = 0.

e Use the symbol V/, called a radieal, to denote the nonnegative square root of a
real number. The nonnegative square root is called the principal square root.

e The number under the radical sign is called the radicand. For example, the
radicand in V25 is 25.

e For any non-negative real number c (¢ = 0),
(Ve)? =c.
For example, (V4)% = 4 and (V8.3)2 = 83.

To evaluate a principal square root, ask, “What is the nonnegative number whose square
is equal to the radicand?”

( EXAMPLE 1 )

Classroom Example 1

Evaluate each principal square root.

() V49

(c) V0.09
Answer: (a) 7
(c) 0.3 (d) 1.8

(b)

(d) (V1.8)?

(b)

O | =

1

1

Evaluating Principal Square Roots

Evaluate each principal square root.

1
@ V36 (b) \@ (©) V0.1 @ (V23)2
Solution
(a) Is there a positive number whose square is 36? Because 6> = 36, V36 = 6.
1 1 1\ 1
(b) \/; =3 because <3> =5

(¢) V0.01 = 0.1 because 0. = 0.01.
(d) (V23)% = 23 because (Vc)? = c whenc = 0. °
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Figure 15 A rational number is a perfect square if its principal square root is a rational number.
i 1
6 units Examples 1(a), (b), and (c) show that 36, > and 0.01 are perfect squares. Perfect squares
can be thought of geometrically as shown in Figure 15, where there is a square whose
Area = 36 . area is 36 square units. The square root of the area, V%, gives the length of each side
- 6 units .
SquaTeunits of the square, 6 units.
Quick v/

1. The symbol V' is called a radical sign,

2. If ais a nonnegative real number, the nonnegative number b such that b* = ais
the principal square root of g and is denoted by b = Va.

3. The square roots of 16 are —4 and _4_.

In Problems 4-8, evaluate each principal square root.

9
4. V81 9 5.v900 30 6. \/; % 7. V016 04 8. (V13)?% 13
J

( EXAMPLE 2 ) Evaluating a Radical Expression

Classroom Example 2 Evaluate each expression:

Eval h ion.

g presson @ —4V36 b Vo+Vie (© VO+16 (@ Vs —4-7-1
(b) V144 + /25

Solution
(c) V144 + 25
(d) V49 — 4-3-2 (a) The expression —-4\/36 represents —4 times the positive square root of 36.
Answer: (2) —10 (b) 17 To simplify, first find the positive (principal) square root of 36 and then
© 13 ' d 5 multiply this result by —4.
—4\/36 = —4+6
= —24
Worl Smart b VI+\Vie=3+4
In Examples 2(b) and (c), notice that — 7
Vo + V16 = V9 + 16
| (© V9 +16=1V25
n general,
Va+ Vb #Va+b =5
The radical acts as a grouping symbol, (d) V64 —4-7-1 = V64 — 28
just like parentheses, so always = \/?T6
simplify the radicand before taking — 6 °
the square root. o
Quick v

In Problems 9-12, evaluate each expression.

9.5V9 15 10. V36 + 64 10 11 V36 + V64 14 12. V25 — 4-3-(=2)

J

@ Determine Whether a Radical Is Rational, Irrational,
or Not a Real Number

Work Smart

Recall from Section R 1 that a rational  1Vot all radical expressions will simplify to a rational number. For example, because
number is a number that can be there is no rational number whose square is 5, V/5 is not a rational number. In fact,
written as a quotient of two integers. 5 is an irrational number. Remember, an irrational number is a number that cannot

be written as the quotient of two integers.

Work Smart What about evaluating V —16? Because any real number squared is positive, there
The square roots of negative real is no real number whose square is —16. Therefore, negative real numbers do not have
numbers are not real numbers. square roots that are real numbers.
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These points are summarized below.

e The principal square root of a perfect square is a rational number.

e The principal square root of a positive rational number that is not a perfect
square is an irrational number. For example, \/20 is an irrational number
because 20 is not a perfect square.

¢ The principal square root of a negative real number is not a real number. For
example, V' —2 is not a real number.

Classroom Example 3 If a radical has a radicand that is not a perfect square, one of two things can be done:
Write \/7 as a decimal rounded to

two decimal places. 1. Write a decimal approximation of the radical.

Answer: \/7 =~ 265 2. Simplify the radical using properties of radicals, if possible.
Figure 16 ( EXAMPLE 3 ) Writing a Radical as a Decimal Using Technology
SIIAIGIL G GO 08 BRG  f1f Write \/g as a decimal rounded to two decimal places.
.............................. 2.236067977. Solution
. Figure 16 shows the result from a graphing calculator: V5 ~ 224, [ ]
( EXAMPLE 4 ) Determining Whether a Radical of an Integer Is Rational,
Irrational, or Not a Real Number
Classroom Example 4 Determine whether each radical is rational, irrational, or not a real number. Evaluate

Follow the instructions for Example 4. each real radical that is rational. For each radical that is irrational, express the radical
(a) V31 (b) V225 (c) V —41 as a decimal rounded to two decimal places.

Answer: (a) Irrational; 5.57 (a) \/571 (b) \/@ (© \/—781

(b) Rational; 15 (c) Nota real

number Solution

Work Smart (a) /51 is irrational because 51 is not a perfect square. That is, there is no rational

V —81 is not a real number, but number whose square is 51. Using technology, V51 ~ 7.14.

— V8l is areal number because (b) V169 is a rational number because 13> = 169, so V169 = 13.

—V81 = —9. Note the placement of \/— . . .

the negative sign. (c) —81 is not a real number. There is no real number whose square is —81. @
Quick v/
13. True or False Negative numbers do not have square roots that are real numbers.

True
In Problems 14-17 determine whether each radical is rational, irrational, or not

a real number. Evaluate each radical that is rational. For each radical that is
irrational, approximate the radical rounded to two decimal places.

14. V400 15. V40 16. V=25 17. —\V/196

rational; 20 irrational; =6.32 not real rational; —14 J

© Evaluate Radical Expressions Containing Variables

What is \/4%? Because 4> = 16, V42 = \/16 = 4. This result suggests that V= a
for any real number a. But wait. Does V (—4)? = —4? No! V (—-4)? = V16 = 4,

Teaching Tip so both V42 and \V/(—4)2 equal 4. Regardless of whether the “a” in \/a? is positive
This is a hard concept for students or negative, the result is positive. Therefore, Va® = ais incorrect, because the sign of
to grasp. You may need to evaluate a is unknown. How can this “formula” be fixed? Section R.2 demonstrated that |a| is
several numerical examples first. a positive number if a is nonzero. From this, the following results:
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For any real number q,

In Other Words
The principal square root of a \/6? = |al

nonzero number squared will

always be positive. The absolute

value ensures this. The bottom line is this—the square root of a variable expression raised to the second

power is the absolute value of the variable expression.

IO D DD

( EXAMPLE 5 ) Evaluating Radical Expressions Containing Variables
Classroom Example 5 Evaluate each expression.
Eval h ion.
e Cpression @ V7 V(=152 ©VaZ @ V(Er-1)?
(b) V(=17)?

© VP Solution

(d) V/(5x — 3)2 (@ V=17

Answer: (a) 5 (b) 17 (c) |n] b) V(-15)2=|-15| =15
(d) [5x —3

(¢) Itis unknown whether the real number x is positive, negative, or zero. To
ensure that the result is positive or zero, write Vx> = |x|.

d V(3x—1)2=3x — 1] [

Quick v
18. Va? = |a|.

In Problems 19-22, evaluate each expression.

19. V107 20. \V/(—14)2 21. V722 22. V(2x + 3)2
14

10 |z |2x + 3| J

O Use the Product Rule to Simplify Square Roots
Recall that a number that is the square of a rational number is called a perfect square.
2

For example, P?=1,2=4,3=09, (3

2
) = gare all perfect squares.

Definition
A square root expression is simplified if the radicand does not contain any factors
that are perfect squares.

Teaching Tip
Emphasize that Va and Vb must be
real numbers in order to apply the For example, V18 is not simplified because 9 is a factor of 18, and 9 is a perfect square.
Product Rule. But how do we simplify a square root expression? Consider the following:
V254 =100 =10 and V25-V4=5-2=10
~ Because both expressions equal 10, we might conclude that
. In Other Words
F\/LTZ\/;'\/Ecanbestated V25-4 = V25- V4
o e lens e aquege oct of 2 which suggests the following property of square roots:
product equals the product of the
-

square roots."

If Va and Vb are nonnegative real numbers, then

Vab = Va-Vb

The Product Rule for Square Roots can be extended to any number of factors.
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( EXAMPLE 6 ) How to Use the Product Property to Simplify Square Roots  Classroom Example 6

. . Simplify: V12
Simplify: V32
HmpHLy Answer: 2V3

Step-by-Step Solution

Step 1: Write the radicand as the product of factors, ~ Write 32 as 16 - 2 because 16 is a factor of 32,

one of which is a perfect square. and 16 is a perfect square: V32 = V162
Step 2: Write the radicand as the product of radicals. Vab = Va- Vb: =V16-V2
Step 3: Take the square root of any perfect square. V16 = 4: =4-\2
=42 [

Below is a summary of the steps used to simplify a square root expression.

Gimplifying a Square Root Expression )

Step 1: Write the radicand as the product of factors, one of which is a perfect square.
Look for the largest factor of the radicand that is a perfect square.

Step 2: Use the Product Rule for Square Roots to write the radicand as the product
of radicals.

\Step 3: Take the square root of the perfect square. -

( EXAMPLE 7 ) Using the Product Rule to Simplify Square Roots
Simplify each of the following:

Classroom Example 7 (a) —3V72 (b) V75x*

Simplify:

(@ v28  (b) V500 Solution

Answer: (a)2V7 (b) 10V5 (a) The expression—3V72 is “negative three times the square root of

seventy-two.” Begin by simplifying V'72. Because 36 is a factor of 2, and 36
is a perfect square, write 72 as 36 - 2.

-3V72 = =3V36-2
Vab = Va- Vb: = -3V36-V2
V36 = 6: = -3-6\V2
= —18V2
(b) 75T25-3
V75x2 = V(25x%) -3
Vab = Va Vb: = V25:2-/3
Vab = Va Vb: = V25- V2 \3
V25 = 5. VX = x: = 5]x|V3 ®

Sometimes there is more than one way to factor a number. For example, to simplify V48,
48 could also be factored as 48 = 4-12 or 16 - 3. Both eventually simplify to 4V/3.

VA8 = V412 = V4- V12 =2V3:-4 =2:2V3 = 4V3
V48 = V16+3 = V16 V3 or 4V3

Notice that choosing the largest factor of a radicand that is a perfect square makes your
mathematical life easier. Be sure to Work Smart!
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Quick v/

23. If Va and Vb are nonnegative real numbers, then Vab = V- Vb.
24. To simplify V75, write it as V25 - 3.

In Problems 25 and 26, simplify the square root.

25. V20 2\/5 26. V72x* 6)x|V2 Y

Watch out! The direction “simplify”” does not mean find a decimal approximation. The
simplified form of a radical is its exact value, not its decimal approximation.

( EXAMPLE 8 ) Simplifying an Expression Involving a Square Root

Classroom Example 8 Simplify: 4_2720
Simplif 6 — V63
MR- Solution
Answer: 2 — \/7 To start, recognize that 4 is the largest perfect square factor of 20.
4—-V20 4 - V45
2 2
4 —V4-\5
Work Smart Va-b=Va-Vb = —
4_27\/% 2 -2 _4-2V5
2

There are two options to finish simplifying the expression.

2(2-V5 _ 4 2
Factor out the 2 in the numerator: = g a-b - é; = — — ﬁ
2 c c c 2

Divide out the common factor: = 2 — V5 Divide out the common factors: = 2 — V5 ([ ]
Teaching Tip . Quick v/
Simplifying an expression such as the . . )
one in Example 8 is an important skill In Problems 27 and 28, simplify the expression.
for students to have when they solve e _ Y
quadratic equations in Preparing for 217. ﬁ 2+ V5 28. 2+ V32 -1+2V2 or 1 + V2
Chapter 2. 3 4 2 2 W,

. ® Underlined exercise numbers have complete
R.6 Exe rcises My Lab M ath video solutions in MyLabMath or may be
accessed using the QR code to the right.

Problems 1-28 are the Quick Vs that follow the EXAMPLES. 37. (\/ 1.6 ) 2 16 38. (\/ 37 ) 2 37
Building Skills In Problems 39-50, tell whether the radical is rational, irrational, or

In Problems 29-38, evaluate each expression. See Objective 1. not a real number. If the radical is rational, find the exact value; if

the radical is irrational, write the approximate value rounded to two

29. \[1 1 30. \/§ 3 decimal places. See Objective 2.
31. -V100 10 32. -V144 12 39. V—14 not areal number 40. V' —50 not a real number
a3 \/T 1 34 4 2 41. V64 rational; 8 42. /121 rational; 11
N4 2 V8L 9 : o

. 1 . 7
35. V036 0.6 36. V025 05 43. . | 16 rdtl(mdl,4 4. 100 rational; 10
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45. \/42 irrational; ~ 6.63 46. \/274 irrational; =~ 4.90
47. \/% irrational; =~ 707 48. \/ﬁ irrational; ~ 3.46
49. \/—716 not a real number 50. V' —64 not a real number

In Problems 51-60, simplify each expression. See Objective 3.

V& 8 52. V5% 5
53. V/(-19)2 54.\/(—13)2
55. V12 |/ 56. Vw?  |w|

5.V (x+4)? |x+4 58V (x—8)2% |x-—8
59. V (4x — 3)2 |4x —3] 60.V (5x +2)% |5x+2

In Problems 61-82, simplify each square root. See Objective 4.

61. V8 22 62. V27 3\3
63. V40 2V/10 64. V32 4\2
65. V18 3\2 66. V52 213
67. V33 /33 68. V21 21
69. V45 3V/5 70. V50 5V2
71. V125 5V5 72. V200 10V2
73. VR22 V& 74. V30 V30
75. —2V98 —14V2 76. —4V80 —16V/5

7. V& — 4(=2)(8) 8V2 8.V (—4)* — 4(-5)(2)
Ly 4+ Vb 5 — \/I00 Vi

5 80, — -1
2 5
+ —

g2t VI8 o s VB, 4

3 5
Mixed Practice
In Problems 83-112, simplify each expression.
83. V25 + 144 84. V9 + 16

85. V25 + V144 86. V9 + V16 7
87. V —144 not a real number 88. V' —36 not a real number
89.31/25 90. —10\V/16 40

15
16
91.51/5—\/144 92.2 \[ V4 1

Section R.6 Square Roots CR-49

94, V9 — 4-1-20

93, V& —4-1-7 6

95. \V/(-5)2 - 4-2-5 9. \V(-3)2 - 4-3-2
not a real number not a real number
97. V63 3\/7 98. V54 36

99. \/1444> 124|
101. V274> 3la\V/3
103. V4> + 6> 2V13

100. \/225b> 15|b|
102. V32x* 4x|\V2
104. V22 + & 217

— — Ny — + .
105. 4—-V162 —4-9\"2 106. 6 + V48 3+2V3
6 6 8 4
7-V98 1 - —6 + V108
107. L= V2 e, ZOX VI s
14 2 6
—(=1) + V(=1)* - 4-6(-2)
109. —4
2(-1)
-7+ V7*-4-2:6 3
110. ) -

1. V(6 — 1)2+ (15 -3)2 13
112. V(2 - (-1))%+ (6 —2)? 5
113. What are the square roots of 36? What is /362

The square roots of 36 are 6 and —6; V36 =6

114. What are the square roots of 64? What is V642
The square roots of 64 are 8 and —3§; Vo4 =8
Math for the Future: Statistics For Problems 115 and 116, use

[ ..
from statistics (a formula used to

X —
the formula 7 =

Vn
determine the value of one observation relative to that of
another) to evaluate the expression for the given values.
Write the exact value and then write your answer rounded to
two decimal places.

115. X =120, p = 100,00 = 15,n = 13 4\§E: :
116. X = 40, u = 50,0 = 10,n = 5 —\/5: 224

Explaining the Concepts

117. Explain why \Va? = |a|. Provide examples to
support your explanation. Answers will vary.

Copyright © 2019 Pearson Education, Inc.






Section R.7 Geometry Essentials CR-51

[
R.7 Geometry Essentials

Objectives @ Use the Pythagorean Theorem and Its Converse

© Use the Pythagorean Theorem The Pythagorean Theorem is a statement about right triangles. A right triangle is one
and Its Converse that contains a right angle —that is, an angle of 90°. The side of the triangle opposite

© Know Geometry Formulas the 90° angle is called the hypotenuse; the remaining two sides are called legs. In
@) Understand Congruent Triangles ~ Figure 17 ¢ represents the length of the hypotenuse, and a and b represent the lengths
and Similar Triangles of the legs. Note the use of the symbol _|:| to show the 90° angle. The Pythagorean
. Theorem is stated next.
Figure 17
A right triangle
Hypotenuse . . .
c b In a right triangle, the square of the length of the hypotenuse is equal to the sum of
90° Leg the squares of the lengths of the legs. That is, in the right triangle shown in Figure 17,
c=a’+ b )
a
Leg

( EXAMPLE 1 ) Finding the Hypotenuse of a Right Triangle

Classroom Example 1 In a right triangle, one leg has length 4 and the other has length 3. What is the length
Do Example Twitha = 6 andb = 8. of the hypotenuse?

Answer: 10 .
Solution

Because the triangle is a right triangle, use the Pythagorean Theorem witha = 4 and
b = 3 to find the length ¢ of the hypotenuse. From equation (1),

c?=a*+ b

=4 +3=16+9=25

c=V25=5 {

Quick v/
1. A(n) right triangle is one that contains an angle of 90 degrees. The longest side
is called the hypotenuse,

In Problem 2, the lengths of the legs of a right triangle are given. Find the
hypotenuse.

= =] Q
2.4=20,b=21 29 J

The converse of the Pythagorean Theorem is also true.

In a triangle, if the square of the length of one side equals the sum of the squares
of the lengths of the other two sides, the triangle is a right triangle. The 90° angle is
opposite the longest side.

( EXAMPLE 2 ) Verifying That a Triangle Is a Right Triangle

Classroom Example 2 Show that a triangle whose sides are of lengths 5,12, and 13 is a right triangle. Identify
Do Example 2 with lengths 7, 24,and 25.  the hypotenuse.
Answer; 7% + 242 = 25225 .

(continued )

Copyright © 2019 Pearson Education, Inc.



CR-52 CHAPTERR Elementary Algebra Review

Figure 18 Solution
Square the lengths of the sides.
13 5 =25 12=144 13°=169
9° Notice that the sum of the first two squares (25 and 144) equals the third square (169).
" That is, because 52 + 12? = 132, the triangle is a right triangle. The longest side, 13, is
the hypotenuse. See Figure 18. (]
Quick v/

3. True or False In a right triangle, the square of the length of the longest side
equals the sum of the squares of the lengths of the other two sides. True

In Problems 4 and 5, the lengths of the sides of a triangle are given. Determine
which are right triangles. For those that are, identify the hypotenuse.

4. 2,3,4 Not a right triangle 5. 9,40,41 Right triangle; 41 Y,

( EXAMPLE 3 ) Applying the Pythagorean Theorem

Classroom Example 3 The tallest building in the world is Burj Khalifa in Dubai, United Arab Emirates, at
Do Example 3. 2717 feet and 163 floors. The observation deck is 1483 feet above ground level. How
far can a person standing on the observation deck see (with the aid of a telescope)?
Use 3960 miles for the radius of Earth.

Source: Council on Tall Buildings and Urban Habitat (www.ctbuh.org)

Solution

From the center of Earth, draw two radii: one through Burj Khalifa and the other to
the farthest point a person can see from the observation deck. See Figure 19. Apply
the Pythagorean Theorem to the right triangle.

Since 1 mile = 5280 feet, 1483 feet = 1483 mile. Thus
5280
1483 )2

2 2 _
d* + (3960) (3960+ 950

1483\?
d> = <3960 + 5280) — (3960)2 = 2224.58

Take the principal square root of 2224.58: d = 47.17

A person can see more than 47 miles from the observation deck.

Figure 19

1483 ft

® © Know Geometry Formulas

Certain formulas from geometry are useful in solving algebra problems.
For a rectangle of length / and width w,

Area = Iw Perimeter = 2/ + 2w

Copyright © 2019 Pearson Education, Inc.



Section R.7 Geometry Essentials CR-53

For a triangle with base b and altitude 4,

1
Area = —bh
rea = o

For a circle of radius r (diameter d = 2r and 7 = 3.14159),

2

Area = 7r Circumference = 2wr = wd

For a closed rectangular box of length /, width w, and height /4,

Volume = Iwh Surface area = 2/h + 2wh + 2w

For a sphere of radius r,

3

4
Volume = gwr Surface area = 4mr?

For a closed right circular cylinder of height / and radius 7,

Volume = mr2h Surface area = 2mr? + 2mrh

Quick v/

6. The formula for the circumference C of a circle of radius ris € = 277,

. . 4
7. True or False The surface area of a sphere of radius r is 3 mr?. False

( EXAMPLE 4 ) Using Geometry Formulas

Classroom Example 4

Do Example 4 with the height of the
triangle 8 cm and the base 5 cm.
Answer:  59.27 cm’

Figure 20

A Christmas tree ornament is in the shape of a semicircle on top of a triangle. How
many square centimeters (cm) of copper is required to make the ornament if the
height of the triangle is 6 cm and the base is 4 cm?

Solution

See Figure 20. The amount of copper required equals the shaded area. This area is the
sum of the areas of the triangle and the semicircle. The triangle has height 4 = 6 and
base b = 4. The semicircle has diameter d = 4, so its radius is r = 2.

Area = Area of triangle + Area of semicircle

1 1 1 1
- = + gl == + g 2 o — G —
2bh S 2(4cm)(6cm) 5 (2cm)® p=4h=6r=2
= 12cm’ + 27 cm’® ~ 18.28 cm?
About 18.28 cm? of copper is required. [
Quick v/

8. Find the area A and circumference C of a circle of radius 5 inches.
A = 257in%; C = 107 in

9. How many inches has a wheel with a diameter of 20 inches traveled after two
revolutions? Round your answer to one decimal place. 125.7 in. J
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In Other Words

Two triangles are congruent if they
have the same size and shape.

© Understand Congruent Triangles and Similar Triangles

Throughout the text we will make reference to triangles, beginning here with a discussion
of congruent triangles. According to thefreedictionary.com, the word congruent means
“coinciding exactly when superimposed.” For example, two angles are congruent if they
have the same measure, and two line segments are congruent if they have the same length.

Definition
Two triangles are congruent if each pair of corresponding angles have the same
measure and each pair of corresponding sides have the same length.

In Figure 21, corresponding angles are equal and the lengths of the corresponding sides
are equal:a = d,b = e,and ¢ = f,so the triangles are congruent.

Figure 21 \
Congruent Triangles a 100 b

30° 50°

It is not necessary to verify that all three angles and all three sides are the same
measure to determine whether two triangles are congruent.

1. Angle-Side-Angle Case Two triangles are congruent if the measures of two
of the angles are equal and the lengths of the corresponding sides between the
two angles are equal.

For example, in Figure 22(a), the two triangles are congruent because the
measures of two angles and the included side are equal.

2. Side-Side-Side Case Two triangles are congruent if the lengths of the
corresponding sides of the triangles are equal.
For example, in Figure 22(b), the two triangles are congruent because the
lengths of the three corresponding sides are all equal.

3. Side-Angle-Side Case Two triangles are congruent if the lengths of two
corresponding sides are equal and the measures of the angles between the
two sides are the same.

For example, in Figure 22(c), the two triangles are congruent because the
lengths of two sides and the measure of the included angle are equal.

Figure 22

20 0 20 20

40° 40°
(a) (b) (c)

See the following definition to contrast congruent triangles with similar triangles.

Definition
Two triangles are similar if the measures of the corresponding angles are equal
and the lengths of the corresponding sides are proportional.
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For example, the triangles in Figure 23 below are similar because the corresponding

s In Other Word angles are equal. In addition, the lengths of the corresponding sides are proportional
- T" : t el" ore¢ S,I . because each side in the triangle on the right is twice as long as each corresponding
(WO nangies are simrar | side in the triangle on the left. That is, the ratio of the corresponding sides is a constant:
they have the same shape, but d f

C (possibly) different sizes. a_e_J_ 2.

a b ¢

Figure 23

Similar Triangles

a_~50°\ ,
30° 70°
c f=2c

It is not necessary to verify that all three angles are equal and all three sides are
proportional to determine whether two triangles are similar.

1. Angle-Angle Case Two triangles are similar if two of the corresponding
angles have equal measures.

For example, in Figure 24(a), the two triangles are similar because two
angles have equal measures.

2. Side-Side-Side Case Two triangles are similar if the lengths of all three
sides of each triangle are proportional.
For example, in Figure 24(b), the two triangles are similar because

10 5 6 1

3015 18 3
3. Side—Angle-Side Case Two triangles are similar if two corresponding sides
are proportional and the angles between the two sides have equal measure.
For example, in Figure 24(c), the two triangles are similar because

4 12 2
s 13 3 and the angles between the sides have equal measure.
Figure 24

—_
N

15
80°
o 18
80 5 20
18
10\ /e 120° 120
35° 35° 4 6
(@) (b)

(c)

( EXAMPLE 5 ) Using Similar Triangles

Classroom Example 5 Determine if the triangles in Figure 25 are similar.

Determain if the triangles are similar. N
Figure 25

10
‘» 60°
9 6
3 9 6 5
Answer: similar
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Solution
Because two corresponding sides and the angle between them are given, use the
Side-Angle-Side case to determine if the two triangles are similar.

The angles between the two given sides are equal, 60°. Set up the ratios of the

corresponding sides: 510 Because 0° 5 the sides are proportional. The two
triangles are similar because their corresponding sides are proportional and the
angles between them have equal measure. [

Quick v

10. True or False The triangles shown are congruent. True

10
30
30
29
29
10
11. True or False The triangles shown are similar. True

25°

100°

12. True or False The triangles shown are similar. False

3 4
2 3
J
CWAIC{HIY MyLabMath®
Problems 1-12 are the Quick Vs that follow the EXAMPLES. 23.7,24,25 Yes; 25 24.10,24,26 Yes; 26
Building Skills 25.6,4,3 No 26.5,4,7 No

In Problems 13-18, the lengths of the legs of a right triangle are given.

] . In Problems 27-38, find the area or volume. See Objective 2.
Find the hypotenuse. See Objective 1.

27. Find the area A of a rectangle with length 4 inches

B.a=5 b=12 13 M.a=6 b=8 10 and width 2 inches. 8in.?
15.a =10, b =24 26 16.a =4, b=3 5 28. Find the area A of a rectangle with length 9
centimeters and width 4 centimeters. 36 cm?

o=t b=25 2 Lhesil, G=45 5 29. Find the area A of a triangle with height 4 inches and
In Problems 19-26, the lengths of the sides of a triangle are given. base 2 inches. 4 in.
Determine which are right triangles. For those that are, identify the 30. Find the area A of a triangle with height 9
hypotenuse. See Objective 1. centimeters and base 4 centimeters. 18 cm?
19.3,4,5 Yes;5 20.6,8,10 Yes: 10 31. Find the area A and circumference C of a circle of

' radius 5 meters. A = 257 m’* C = 107 m
21.4,5,6 No 22.2,2,3 No
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32. Find the area A and circumference C of a circle of
radius 2 feet. A = 477 ft%; C = 4rr ft

33. Find the volume V and surface area § of a closed
rectangular box with length 8 feet, width 4 feet, and
height 7 feet. V = 224 ft%; 5§ = 232 ft?

34. Find the volume V and surface area § of a closed
rectangular box with length 9 inches, width 4 inches,
and height 8 inches. V = 288in’; § = 280 in’

35. Find the volume V and surface area S of a sphere of

. . 256 N
radius 4 centimeters. V = 37 cm’; § = 64 cm?

Section R.7 Geometry Essentials CR-57

36. Find the volume V and surface area S of a sphere of
radius 3 feet. V = 367 ft3; § = 367 ft>

37. Find the volume V and surface area § of a closed
right circular cylinder with radius 9 inches and height
8inches. V = 6487 in’; S = 3067 in®

38. Find the volume V and surface area § of a closed
right circular cylinder with radius 8 inches and height
9inches. V = 576w in% 2727 in’

In Problems 39-42, find the area of the shaded region. See Objective 2.

39. 2 40. 2 41. 42,
U ./ : :
7T square units 4 — & square units 27 square units 27 — 4 square units
In Problems 43—46, determine if the triangles in each pair are similar. See Objective 3.
43, 60° 44. 45, 46. 10 o
90° 1 5 125
75° 3
30° 12 4 50
& 8 125°
90° ; 9
1% 48
6
8
30°
Similar Similar Not Similar Not Similar
Applying the Concepts
47. How many feet has a wheel with a diameter of 16 49. In the figure shown, ABCD is a square, with each

inches traveled after four revolutions? About 16.8 ft

48. How many revolutions will a circular disk with a
diameter of 4 feet have completed after it has rolled
20 feet? = 1.6rev

side of length 6 feet. The width of the border (shaded
portion) between the outer square EFGH and ABCD is
2 feet. Find the area of the border. 64 ft*

E F
A B
6 ft
—»24—
ft
D c
H G
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50.

51.

52.

Refer to the figure. Square ABCD has an area of 100
square feet; square BEFG has an area of 16 square

feet. What is the area of the triangle CGF? 12 ft’
A B
G F
D 4

Architecture A Norman window consists of a
rectangle surmounted by a semicircle. Find the area
of the Norman window shown in the illustration.
How much wood frame is needed to enclose the
window?
24 + 2
16 + 27

U

30.28 ft?;
22.28 ft

U

4

Construction A circular swimming pool that is 20

feet in diameter is enclosed by a wooden deck that is

3 feet wide. What is the area of the deck? How much
fence is required to enclose the deck?

216.77 ft%;
81.68 ft

In Problems 53-55, use the facts that the radius of Earth is 3960 miles
and 1 mile = 5280 feet.

53.

54.

How Far Can You See? The conning tower of the
U.S.S. Silversides, a World War II submarine now
permanently stationed in Muskegon, Michigan, is
approximately 20 feet above sea level. How far can
you see from the conning tower? About 5.477 mi

How Far Can You See? A person who is 6 feet tall
is standing on the beach in Fort Lauderdale, Florida,
and looks out onto the Atlantic Ocean. Suddenly, a
ship appears on the horizon. How far is the ship from
shore? About 3.0 mi

55.

56.

How Far Can You See? The deck of a destroyer is 100
feet above sea level. How far can a person see from the
deck? How far can a person see from the bridge, which is
150 feet above sea level? 12.2 mi; 15.0 mi

Suppose that m and n are positive integers with m > n.
If a = m?> — v, b = 2mn, and ¢ = m*> + n%, show that a,
b, and c are the lengths of the sides of a right triangle.
(This formula can be used to find the sides of a right
triangle that are integers, such as 3,4, 5;5, 12, 13; and
so on. Such triplets of integers are called Pythagorean
triples.) See Graphing Answer Section.

Explaining Concepts

57. You have 1000 feet of flexible pool siding and intend

58.

to construct a swimming pool. Experiment with
rectangular-shaped pools with perimeters of 1000
feet. How do their areas vary? What is the shape of
the rectangle with the largest area? Now compute
the area enclosed by a circular pool with a perimeter
(circumference) of 1000 feet. What would be your
choice of shape for the pool? If rectangular, what is
your preference for dimensions? Justify your choice.
If your only objective is to have a pool that encloses
the most area, what shape should you use? Answers will
vary.

% ®@

& B g )
y S
— A &
2\ /%

2 ST @

The Gibb’s Hill Lighthouse, Southampton, Bermuda,
in operation since 1846, stands 117 feet high on a hill
245 feet high, so its beam of light is 362 feet above
sea level. A brochure states that the light itself can be
seen on the horizon about 26 miles distant. Verify the
accuracy of this information. The brochure further
states that ships 40 miles away can see the light and
that planes flying at 10,000 feet can see it 120 miles
away. Verify the accuracy of these statements. What
assumption did the brochure make about the height of
the ship?

120 miles

40 miles
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R.8 Laws of Exponents

Objectives Recall that if a is a real number and # is a positive integer, then the symbol a” means that

N . . a should be used as a factor n times. That is,
@ Ssimplify Exponential Expressions

Using the Product Rule a'=a-a---a
@ Simplify Exponential Expressions n factors
Using the Quotient Rule
@) Evaluate Exponential Expressions For example,
with a Zero or Negative Exponent B =4-4-4
@ Ssimplify Exponential Expressions —
3 factors

Using the Power Rule

© Simplify Exponential Expressions  In the notation a”, a is called the base and 7 the power or exponent.
Containing Products or Quotients

0 simplify Exponential : . . . .
Expressions Using the © Simplify Exponential Expressions Using the Product Rule
Laws of Exponents Several general rules can be discovered for simplifying expressions involving positive

integer exponents. The first rule is used when multiplying two exponential expressions
that have the same base. Consider the following:

Sum of powers 2 and 4

Work Smart > 4

¥ ext= (x-x) (xox-xx) =x-x-x-x-x-x=x°
Read a” as “a raised to the power of 1 o\ Y Y r 1
n" or “a raised to the nth power.” We Same base actors actors actors Same base
usually read a® as “a squared” and a
as "a cubed.” Based on the above, the following results:

~
. In Other Words
- When multiplying two exponential . L
expressions with the same base, add If a is a real number and m and n are positive integers, then
" the exponents. Then write the common a"a = g"tn
" base to the power of this sum.
( EXAMPLE 1 ) Using the Product Rule to Simplify Expressions Involving Exponents
Classroom Example 1 Simplify each expression. All answers should contain only positive integer exponents.
Simplify each expression: 5 A3 2 44
(a) 32.33 (b) 272.574 (@ 2°-2 (b) 3z°-4z
Answer: (a) 3° = 243 (b) 10z° .
Solution
(a) 22-2° = 223 (b) 32%-4z* =3-4-22-7*
— 5
=2 = 1pz2+4
=132 ([
=127°
Quick v4
Work Smart 1. In the notation a” we call a the base and n the power or exponent,
5=5 2. If a is a real number, and m and n are positive integers, then a”a" = """

x =x'
In Problems 3-7 simplify each expression. All answers should contain only positive
integer exponents.

3.5%.5 125 4 (—3)2(=3)3 —243 5.y 7

6. (5x3)(—2x%) —10x7 7. 6y*(—y?) —6y° y

Copyright © 2019 Pearson Education, Inc.



CR-60 CHAPTERR Elementary Algebra Review

@ Simplify Exponential Expressions Using the Quotient Rule

To find a general rule for the quotient of two exponential expressions with positive
integer exponents, use the Reduction Property to divide out common factors. Consider

the following:
6 factors Difference of powers 6 and 2
—t———
l
Yy ey yeyy Veyeyey =yt
v ¥y o7
— 4 factors
2 factors
Conclude from this result that
6
y _
= = y6 2 _ y4
y

This result is true in general.

a
. In Other Words
- When dividing two exponential
expressions with a common base,
© subtract the exponent in the
" denominator from the exponent If a is a real number and m and n are positive integers, then
(" in the numerator. Then write the m
(" common base to the power of this a” = gnn ifa = 0
¢ difference. "
( EXAMPLE 2 ) Using the Quotient Rule to Simplify Expressions Involving Exponents
Classroom Example 2 Simplify each expression. Answers should contain only positive integer exponents.
Simplify each expression. Answers g5 27,9
should contain only positive integer (a) — (b) 2z
exponents: 8 1224
6' 25m® .
a) — b Solution
(@) o (b) Se3 5 9
8 27z 9-3
5 — Q53 9-4
. 3 _ 2.5 a) — = 8 b) —— -z
Answer: (a) 6 216 (b) 3m (a) g3 (b) 127 4.3
— 82 9
64 4 ®
Quick v/

8. True or False To divide two exponential expressions having the same base,
keep the base and subtract the exponents. True
In Problems 9-12, simplify each expression. All answers should contain only
positive integer exponents.
50 y® 16a° 8 —24b° 3
9. — 25 10. — ? i, =—=% = b —pr ==
5¢ ¥ 1085 5° 166 2

€ Evaluate Exponential Expressions with a Zero or Negative Exponent

Now extend the definition of exponential expressions to all integer exponents. That is,
evaluate exponential expressions where the exponent can be a positive integer, zero,
or a negative integer. Begin with raising a real number to the 0 power.
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If a is a nonzero real number, then

a=1 ifa#0

This rule is based on the Product Rule and the Identity Property of Multiplication. From
the Product Rule for Exponents, it is known that
aO 0" = a0+n
=1-a"
From the Identity Property of Multiplication, this means that a° = 1.
3

Suppose we want to simplify % If the Quotient Rule for Exponents is used,
Z

This expression could also be simplified using the Reduction Property.

2 Z2Z7Z 1

S 2774 zv7 ?
o _ 1 . . . . .
This implies that z > = —, which suggests that a raised to a negative power is defined as
b4

follows:

If n is a positive integer and if a is a nonzero real number, then

1
a=— or F:a" ifa # 0

( EXAMPLE 3 )

Classroom Example 3
Simplify each expression. All
exponents should be positive
integers only.

1

(a) 2 (b) 52
(c) 7p° (d) 5b7*
Answer: (a) % (b) 25 (c) 7 (d) %

Work Smart
]
Remember, 37* = — (not —3*). The

negative applies only to the exponent.
4 1
Similarly, 4x™° = f(not 7) The
y x° 4x°
negative exponent applies only to the

nn

base "x" not to the coefficient.

Evaluating Exponential Expressions Containing Integer Exponents

Simplify each expression. All exponents should be positive integers.

(@ 3 (b) % (c) 5x° d) 4x7°
Solution
(@ 3= % (b) 317 =32 (© 5x°=5-1 d) 47 = %
1 _
== =9 =5 °
Quick V4 1
13. a° = L provideda # 0. 14. a™" = <", provideda # 0.

In Problems 15-20, simplify each expression. All exponents should be positive
integers.

15. 573

1 5
L 16577 2 1m— ¢ 18 > 5019, —4° —1 20.(—10)%1
129 7 Xt v J

Copyright © 2019 Pearson Education, Inc.
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( EXAMPLE 4 )

Classroom Example 4
Simplify each expression. All
exponents should be positive integers.

HHNTE)

Answer: (a) (b) 81

O

In Other Words
To evaluate (%) , determine the

reciprocal of the base and then
raise it to the nth power.

DEDEDED RSS!

Teaching Tip

To show why m, n, or m + n cannot
be 0 or negative when a = 0, ask
students to simplify 0 or 0°.

Evaluating Exponential Expressions Containing Integer Exponents

Simplify each expression. All exponents should be positive integers.

2\ 1\7?
@ (3) ® (5)

Solution
2\7_ 1 N2 _ 1
@ <3> T2V ®) <7> T )
G) 3)
__ 1 1
222 11
333 77
_1 1
Y T
27 49
_27 = 49
8 °

The following shortcut is based on the results of Example 4:

If a and b are real numbers and 7 is an integer, then
(“) =(b> ifa # 0,b # 0
b a

Quick v/

In Problems 21-24, simplify each expression. All exponents should be positive
integers.

4 =2 1 ) -2 2
21. <> R (—) _64 23. (3) S PRI,
3 16 4 X 9 72 .

Now that we have definitions for 0 as an exponent and negative exponents, the Product
Rule and Quotient Rule for Exponents can be restated, assuming that the exponent is
any integer (positive, negative, or zero).

If a is a real number and m and n are integers, then

ata” = am+n

If m, n,or m + nis 0 or negative, then a cannot be 0.

If a is a real number and if m and n are integers, then

am

afn:am*" ifa # 0

Notice that allowing the exponents to be any integer (not just any positive integer)
requires restrictions on the value of the base.
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( EXAMPLE 5 ) Using the Product Rule to Simplify Expressions Containing Exponents

Classroom Example 5 Simplify each expression. All exponents should be positive integers.
Simplify each expression. All 3 20
exponents should be positive integers. a) (—3)2(—=3)* b) =3 =y2
oo @ (—3)*(-3) ®) Ly
5 9
(b) 32 3<*% Z4> Solution N s %
—3)2(—=3) 4 = (—=3)2t(4) 25,4V 2 _ 2 4V 54(-2)
Answer: (a) - (b) —§z @ (=3)°(=3) (=3) (b) 4y 9y 4 9y
8 4 = _3)—2
1 - 33
(—3)?
_1
9 o
( EXAMPLE 6 ) Using the Quotient Rule to Simplify Expressions Containing
Exponents
Classroom Example 6 Simplify each expression. All exponents should be positive integers.
Simplify each expression. All 5
exponents should be positive integers. () W 20x3y
a3 14x% W (b) 1
@ —= . 4xy
a 2xy
3 0
Answer: (a) a* (b) 7% Solution
y -2 20 3
(a) % — 25 (b) xi’ = 5311
w 4xy
= p2t3 = 5¢2y73
2
=w a" = 17 = 5% o
a y
Quick v/
In Problems 25-30, simplify each expression. All exponents should be positive integers.
25. 6365 L 2% = 100 27 (axdyd) sy~ 2
b Ve = 5 y y
3 8 —24b° 50s% :
28. (a3b) <a2b3> bt 29, T2 s e, 2L 100
4 9 3 16b 2 155* 367 y,

® O Simplify Exponential Expressions Using the Power Rule

Another law of exponents applies when an exponential expression containing a power is
itself raised to a power.

(3%)4 =32.32.32.32 = (3-3) (3-3) (3-3) (3:3) =3*
4 factors 2 factors 2 factors 2 factors 2 factors

2 -4 = 8factors

The following results:

: In Other Words ;’fow.er RuI(; for Exponential Expresspns )

" If an exponential expression a is a real number and m and n are integers, then
contains a power raised to a power, (am) no— gmn

C keep the base and multiply the

" powers. If m or n is 0 or negative, then a must not be 0.
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( EXAMPLE 7 )

Classroom Example 7

Simplify each expression.

All exponents should be positive
integers.

(@ (3%)* () [(=5°]* (© (7)
(d) (272)74
Answer: (a) 38
(d) 2

(b) (=5 () 1

Work Smart

Do not use this rule to try to simplify
(a + bPasa® + b?or (a + b)as
a® + b3, For this rule to apply, the
base must be the product of two
numbers, not a sum.

Using the Power Rule to Simplify Exponential Expressions

Simplify each expression. All exponents should be positive integers.

@ () ®) [(-3)°) (¢) (6°)°
, Solution
@ (y°)* =y M) [(=3)°]* = (-3)™ © (6%)" =6
— y15 — (_3)6 — 60
=729 =1 (]

Quick v

In Problems 31-36, simplify each expression. All exponents should be positive integers.
31. (2%)° o4 32. (58)° 1 33. [(—4)*]% 409

34. (a®) o 35 (%)°° 6 36. (s3)7 Y

O Simplify Exponential Expressions Containing Products or Quotients

There are two additional laws of exponents. The first deals with raising a product to a
power, and the second deals with raising a quotient to a power. Consider the following
product to a power:

(xy)? = (xy) (xy) (xy)
(x=x-x)(y-yy)

= %)

The following results:

If a and b are real numbers and 7 is an integer, then
(ab)" = a"b"

If n is 0 or negative, neither a nor b can be 0.

( EXAMPLE 8 )

Classroom Example 8
Simplify each expression. All

exponents should be positive integers.

(@) (a)* (b) (52%% () (—4b%)7
1
257'2

Answer: (a) 16a* (b)

Using the Product-to-a-Power Rule to Simplify
Exponential Expressions

Simplify each expression. All exponents should be positive integers.

@ (32)* () (=5y72)7 (© (—4a’)7
Solution
1
@ (2)'=3"%" [ (b) (-5y7) = (=570 )7 | (@ (~4a’) =" 53
4 (—4a%)
= 81z y23)
=5 _
(=) (—4) ()
=7 1
—-125 16a*
a _a _ )
—b b’ 125 {
Quick v/
In Problems 37-40, simplify each expression. All exponents should be positive integers.
3. (5y)° 1259 38. (6y)° 1 39. (3x2)* s1d 40, (4a%)2
16a® _J
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Now look at a quotient raised to a power:

6 -GEEE) -3

The following results:

If @ and b are real numbers and # is an integer, then

a\" a" .

If n is negative or 0, then a cannot be 0.

( EXAMPLE 9 ) Using the Quotient-to-a-Power Rule to Simplify
Exponential Expressions

Classroom Example 9 Simplify each expression. All exponents should be positive integers.
Simplify each expression. All 3 N4
. w 2x
exponents should be positive (a) <> (b) ()
integers. 4 y?
z\? 5p*\?
(@) <g> (b) <7> Solution
z2 25b° w\?  w? <2x2)4 (2!
Answer: (a) 125 (b) <7) (a) <4> = (b) e = y3)4
W oy, = 2
=— ab)" =a"-b": =
64 O
myn m*n — 16)62.4
(a™"=am": = y3.4
16t
't °

Quick ve

In Problems 41-44, simplify each expression. All exponents should be positive integers.
4 4 -5 2\4 .3 -2\3
a. <Z> = a <x) 2, <x> s, (3“ ) S
3 81 2 x° y? Vs b* a’p'? J

@ Simplify Exponential Expressions Using the Laws of Exponents

The Laws of Exponents are now summarized.

Work Smart: Study Skills

When learning new rules, it is helpful . . .
to write each rule on a notecard that If a and b are real numbers and if m and n are integers, then assuming the

you can study with regularly. For expression is defined,
example, you could puta’®, a # 0 on

Zero-Exponent Rule: a’ =1 ifa # 0
one side of a notecard and its value of P 1
1on 'Fhe other side. ThI.S will allow you Negative-Exponent Rule: o " = — ifa < 0
to quiz yourself. There is also a free a
app called Quizlet that may be used Product Rule: a"a" = g"tn
for electronic flash cards. ’ .
a .
Quotient Rule: —y =a"" ifa # 0
a

(continued)
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Power Rule: (™)t = a™
Product-to-a-Power Rule: (ab)" = a"b"
n n
Quotient-to-a-Power Rule: (Z = Z—n ifb # 0
a\" bY
Quotient-to-a-Negative-Power Rule: b =3 ifa # 0,b # 0

Now do some examples where one or more of the preceding rules are used.

(EXAMPLE 10 ) Using the Laws of Exponents

Simplify each expression. All exponents should be positive integers. None of the

Classroom Example 10 . .
variables is zero.

Simplify each expression. All

exponents should be positive integers. x3y71 e\ _
X%y 3 (3¢ (a) W (b) ( 3xy >2<9x2}’ 3) !
b ~d 2.2 3,2
(a)(xy) (b) (6c )( d) x%y Xy
7 .
Answer: (a) 41*5 (b) 277(1 Solution
Xy 2c (ab)n = a'p"
l
() R
a =
(Fy)* ()
3,1
X
(am)n = g™ — 2)3
a _ gm-n — 376,713
P y
= x 3y
afn = 1— = 71
a" By
g = gmn
!
Work Smart: Study Skills 2 2,,-3\ —1
. Y b 3xy 9x’y — (3xl"2y1=(2))2(gy2-3, 32
Many different approaches may (b) 7= 32 (3x %y )7 (9% 7y 70)
be taken to simplify exponential ry ry 3o -
expressions. In Example 10(b), the = (3P (xy7)”
Quotient-to-a-Power Rule could be (a-b)" =a"-b" = 32 (x~ )2(y3)2( 1) (x~ )—1 (y—S)—l
used first and then simplified instead
of the method shown. Try working a (a")" = a"" = ( )xy
problem one way and then working
it again a second way to see if you ' = gt = x72+1 6+5
obtain the same answer and to see . 1 11
which method you prefer. a =g XY
11
-y
X
Quick v
In Problems 45 and 46, simplify each expression. All exponents should be positive
integers.

3x2 2 3{,3 4 2)(2 -1\2 4x3 2\—1 6
45.% i 46.(;2)< yz) -
12xy 4 Xy Xy y

Copyright © 2019 Pearson Education, Inc.



Section R.8 Laws of Exponents CR-67

Underlined exercise numbers have complete
R.8 ExerCises My Lab M at © video solutions in MylabMath or may be
accessed using the QR code to the right.

Problems 146 are the Quick Vs that follow the EXAMPLES. 83 <15a2b3>_2 b* 84 < 15x%y7 >1 6
= 415 12 7.6
Mixed Practice 3a™"b 25a 18x 3y 5x7y
In Problems 47-92, simplify each expression. All exponents should 85. (dx*y )t (2% )2 1 86. (9a?h*) 71 (3ab %) 1
be positive integers. —2)2y3 2 3B (ab) 2 _
I R gr A0S L g (DA (@D)T 3
* ‘1 ° 25 —4xy Z 9ab b
_ & _ _z0 , N
49. -5 25 50. 75 1 %0 (3)( yZZ)Z 987 (2ab2 ) phe3
_.g2 _ 8 P e R T2 3
51. —&-8 1 52. = 8~ 1 (xy°z) x ( b’c*)™* 2a
3 3 —3 2
. 3V o1, (6T0°) <3"b> 92< b) (4a'0)"
53. (- = 5. (=) (2a7%b) 2 \2a%b7? 2a* (2a7%b)?
9 16 4 27 3})16 b
5. (<3237 . s6 (~4)S(-4F | e 7
. (—4)? (—3)? Applying the Concepts
= (—4)! o 8. ——5 243 /\ 93. Cubes Suppose the length of a side of a cube is x°.
(—4) (-3) pp g
Find the volume of the cube in terms of x.
23.372 372.5 25 x® cubic units
59. 288 60. =
272.374 3.5 81
61. (6x)3(6x)73 62. (54°)°(5a%)7° 2
1 (assuming x # 0) 1 (assuming a # ())18 4
63. (252*) (—55%) 64. (6ab)(3a’b™*)
~10/° b 7

1 ’ | )
(= 20xv2) . 3 ( 2 ) 134 d
65 (4xy) (20xy5) y 66. (3xy°) oY) 3 /\94. Circles The radius r of a circle is > where d is the

36x7y3 254°h® 54 diameter. The area of a circle is given by the formula
67 4y 68 > A
0Ly 5.2 : 6 b A = 7rr%. Find the area of a circle in terms of its
9xy Sab 2
diameter d. 7% ~
— quare units
21d*  3p° 25x%y 5 4
69. = 70. Y S In Problems 95-102, simplify each algebraic expression by rewriting
14a°b 2a 10xy® 237
Y Y each factor with a common base. (Hint: Consider that 8 = 2°.)
71 ( —2)4 1 72 ( 2)—6 1
11. (X 3 . (T 12 2x+3 32x
X % 4 x+1 - 25=3}
73. (3x2y)3 27x5y3 4. (5a2b71)2 % 95. 4 B 96. 27 3
= <Z>3 64 - <x>8 » 97, 3% 273+ 3lors3 98. 9. 3x+1 5t
4 3 J,L
R 2z b s i 4\ ¥ 99. If 3* = 5, what does 3% equal? 625
71. (3a)" — 78. (2y 24 —
() 9 1 (2y7) 16 4 100. If 4° = 6, what does 4> equal? 7776
79. (—2a°0%)* . 80. (—4a?)? O 1
; , 164°b S s o 16b* 101. If 2 = 7, what does 2 * equal? 5,
Poxy? 28 3x07) 3 © ~3x L
8L —— - ; 82. 5 8 N 102. If 5* = 3, what does 5" equal? —
12(x*)™7y 3y 15x%y 5x°y” 27
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Explaining the Concepts

103.

104.

105.

106.

A friend of yours has a homework problem in which
he must simplify (x4 ) 3. He tells you that he thinks
the answer is x”. Is he right? If not, explain where he
went wrong. 103-111. See Graphing Answer Section.

A friend of yours is convinced that x” must

equal 0. Write an explanation that details why

xY = 1. Include any restrictions that must be placed
on x.

Explain why a cannot be 0 when m,n,or m + nis
negative or 0 in the expression a”*". Use examples to
support your explanation.

Explain why a cannot be 0 when # is negative or 0 in
the expression (am )". Use examples to support your
explanation.

107.

108.

109.

110.

111.

Explain why neither a nor b can be 0 when 7 is
0 or negative in the expression (ab)" = a"b".

Provide a justification for the Product Rule for
Exponents.

Provide a justification for the Quotient Rule for
Exponents.

Provide a justification for the Power Rule for
Exponents.

Provide a justification for the Product-to-a-Power
Rule for Exponents.
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R.9 Adding and Subtracting Polynomials

Objectives ®» @ Define Monomial and Determine the Coefficient
@ Define Monomial and and Degree of a Monomial

Determine the Coefficient and
Degree of a Monomial

@ Define Polynomial and
Determine the Degree of a

Recall from Section R.5 that a ferm is a number or the product of a number and one or
more variables raised to a power. The numerical factor of a term is the coefficient. For
example, consider Table 4, where some algebraic expressions are given and their terms
are identified.

Polynomial
© Simplify Polynomials by
Combining Like Terms G‘ab|e 4 \
Algebraic Expression Terms
5x + 4 5x, 4
Ix*—8x+3=7x*+(-8x) +3 7x%, —8x, 3
\_ 33 + 7y 3%, 7y_1j

In this section, polynomials are studied. Polynomials have terms that are monomials.

Definition
A monomial in one variable is the product of a constant and a variable raised to a

nonnegative integer power. A monomial in one variable is of the form

ax k

where a is a constant, x is a variable, and k = 0 is an integer. The constant a is the
coefficient of the monomial. If a # 0, then k is the degree of the monomial.

Work Smart
The nonnegative integers are What if @ = 0? Since Ox = 0x*> = Ox®> = ..., = 0, a degree cannot be assigned to 0.
0,1,2,3,.... Therefore, 0 has no degree.

( EXAMPLE 1 ) Identifying the Coefficient and Degree of Monomials
Classroom Example 1 Monomial Coefficient Degree
Identify the coefficient and degree of 3
each monomial: (@) sz ; 3

7 _Z.6 _Z
@ 2x* (b) 71n6 (7 (b) 3F 3 6
(d) > (e) —z (©) 8 =8x° 8 0
7 d) x*> = 1x? 1 2
Answer: (a) 2;4 (b) —2;6 () —x=—1-x -1 1
{
() 7,0 (d) 1;3 (e) —1;1 ® 0 0 no degree
Now look at some expressions that are not monomials.
( EXAMPLE 2 ) Expressions That Are Not Monomials
1 1

Classroom Example 2 (a) 4x7 is not a monomial because the exponent of the variable x is > and 5 isnota
Examples of expressions that are not nonnegative integer.
monomials:

(b) 5x 3 is not a monomial because the exponent of the variable x is —3, and —3

1 4
(@) 5a=" (b) 3x is not a nonnegative integer.
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Quick v/

1. A monomial in one variable is the product of a number and a variable raised to a
nonnegative integer power.

In Problems 2-5, determine whether the expression is a monomial. For those that

are monomials, name the coefficient and give the degree.

2. 8° Monomial: 8:5 3. 5x"2 Not a monomial

4. 12 Monomial;12;0 5. x5 Not a monomial Yy,

A monomial may contain more than one variable factor. For example, the monomial
axy" has two variables, x and y, where m and n are nonnegative integers. The degree of
the monomial ax™y" is the sum of the exponents,m + n.

EXAMPLE 3

Classroom Example 3

Identify the degree and the coefficient
of these monomials in more than one
variable:

(a) 2a°b* (b) —5xy°

Answer:

(a) Degree is 5; coefficient is 2

(b) Degree is 4; coefficient is -5

Monomials in More than One Variable

(a) —4x’y*is a monomial in x and y of degree 3 + 4 = 7. The coefficient is —4.
(b) 10ab’ is a monomial in a and b of degree 1 + 5 = 6. The coefficient is 10. o

Quick v

6. The degree of a monomial in the form axy" is m + n.

In Problems 7-10, determine whether the expression is a monomial. For those that
are monomials, determine the coefficient and degree.
7. ?))csy2 Monomial; 3; 7 8. —2m’n  Monomial; —2; 4

9. 4ab? Not a monomial 10. —xy Monomial; —1;2 Y,

@ Define Polynomial and Determine the Degree of a Polynomial

We begin with a definition.

Definition
A polynomial is a monomial or the sum of monomials.

A polynomial is in standard form if it is written with the terms in descending order
according to degree. The degree of a polynomial is the highest degree of all the terms
of the polynomial. Remember, the degree of a nonzero constant is 0, and the number
0 has no degree.

( EXAMPLE 4 )| Examples of Polynomials

Classroom Example 4
Examples of polynomials and their
degree:
(a) 7a® — 4a® + 6a — 2; degree = 3
(b) 3 — 11x + x?% degree = 2
(¢) 2m*n? — mn® + 4mPn;

degree = 5
(d) —x3 + 2x*y? + 1; degree = 6
(e) 8;degree =0
(f) 0; no degree

Polynomial Degree
(@) 7x° — 2x*> + 6x + 4 3
() 3-8 +x*=x>—8 +3 2
(c) —7x* + 24 4
d) *y* — 3x%? + 2x% 7
(© P’q — 8p°¢° +3 = -8p°¢> + p’q + 3 5
# o6 0
@ 0 No Degree °

( EXAMPLE 5 )

Classroom Example 5
Algebraic expressions that are not
polynomials:

@ 32-6x+2 (b) >
Q 2ab — 3 X
ab + 4

Is the Algebraic Expression a Polynomial?
(a) 4x 2 — 5x + 1is not a polynomial because the exponent on the first term, —2,
is negative.

4 . . . . _ .
(b) — is not a polynomial because it can be written as 4x 3 and —3 is less
X

than 0. Remember, the exponents on polynomials must be integers
greater than or equal to 0.
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Work Smart

The prefix “bi” means “two,” as in
bicycle. The prefix “tri” means “three,”
as in tricycle. The prefix “poly” means
“many.”

Work Smart 9
Remember, like terms have the same
variable and the same exponent on

the variable.

Section R.9 Adding and Subtracting Polynomials CR-71

8x2 + 16 . . . . 2
T, isa polynomial of degree 2 because it can be written as 4x~ + §

after dividing 2 into each term in the numerator.

3x? + 1
(d) ;672 is not a polynomial because it is the quotient of two polynomials,

(©

and the expression cannot be simplified to a polynomial. [ ]

Quick v

2
11. True or False The degree of the polynomial 2m’n + Smn® — gmznz’ is 5. True

In Problems 12-16, determine whether the algebraic expression is a polynomial.

For those that are polynomials, determine the degree.

12. —3x*> + 7x> —x + 5 Polynomial;3 13. 527! + 3 Not a polynomial

5 x -1 Not a polynomial 15. 3)52—9—)5—1—27
x +1 3

16. 5p° — 8> + p  Polynomial:3

14

Polynomial; 2
J

Certain polynomials have special names. A polynomial with exactly one term is a
monomial; a polynomial that contains two monomials that are not like terms is called a
binomial; and a polynomial that contains three monomials that are not like terms is called
a trinomial. So

—14x is a polynomial but more specifically —14x is a monomial

2x* — 5x s a polynomial but more specifically 2x> — Sx is a binomial

—x? — 4x + 11isapolynomial but more specifically —x> — 4x + 11 is a trinomial
3x> + 6x — 2isapolynomial ~ but more specifically 3x*> + 6x — 2 is a trinomial

Simplify Polynomials by Combining Like Terms

To simplify a polynomial means to perform all indicated operations such as addition, and
combine like terms. To add polynomials, combine like terms.

( EXAMPLE 6 )

Classroom Example 6
Simplify by finding the sum:
(*5)(3 + 6x% + 2x — 7)
+ (3¢ +4x+1)
Answer:

—2F + 6x* + 6x — 6

( — 453

Simplifying Polynomials: Addition
Simplify: (—4x> + 9x? + x — 3) + (2> + 6x + 5)

Solution
The sum can be found using horizontal or vertical addition.

Horizontal Addition: The idea here is to combine like terms. The first step is to remove

the parentheses.

0% +x-3)+ (20 +6x+5) =4+ 9% +x—-3+2°3+6x+5

A + 2 + 9P +x +6x—3+5

Distributive Property: (=4 +2)x*+ 9%+ (1 +6)x+ (=3 +5)
Simplify: = —2x> + 9x* + 7x + 2

Rearrange terms:

Vertical Addition: Line up like terms in each polynomial vertically and then add the
coefficients.

x3 X2 x' X0

4+ 9%+ x—3
2x3 + 6x + 5
23+ 92+ Tx +2 o
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Quick v/

17. True or False S5y* + 7y® = 12y° False

In Problems 18-20, simplify by adding the polynomials.

18, (2x* —3x+1) + (4> +5x —3) 6> +2x—2

19. (Sw* —=3w3 +w —8) + (=2w* + w3 — w2 +3)  3ut — 23— T2+ w -5

1, 4 1,,2 _ 3, 2 _
20. <2x 3x+1>+<4x +3x 8) R X 7

J
( EXAMPLE 7 ) Simplifying Polynomials in Two Variables: Addition
Classroom Example 7 Simplify: (5a’°b — 3ab + 2ab*) + (a’b + Sab — 4ab?)
Find the sum: i
(5x% — 3xy + 12xy?) Solution
+(x% + 12xy — 5xy°) Although you may add horizontally or vertically, only the horizontal format is presented.
Answer:  6x% + 9xy + 7xy? The first step is to remove the parentheses.

(5a’b — 3ab + 2ab*) + (a’b + Sab — 4ab®) = 5a’b — 3ab + 2ab> + a*b + Sab — 4ab*
Rearrange terms: = 5a’b + a’b — 3ab + Sab + 2ab* — 4ab?

(5+1)a’h + (=3 + 5)ab + (2 — 4)ab?

Simplify: = 6a*b + 2ab — 2ab* [

Distributive Property:

Quick v/
In Problem 21, simplify by adding the polynomials.
21. (8x%y + 2x%y? — Txy?) + (=3x%y + 5x%2 + 3xy?)  5¢%y + TPy’ — 4xy?

Polynomials can be subtracted horizontally or vertically as well. Remember,
a—b=a+ (-b)

Thus, to subtract one polynomial from another, add the opposite of each term in the
polynomial following the subtraction sign and then combine like terms.

( EXAMPLE 8 ) Simplifying Polynomials: Subtraction

Classroom Example 8 Simplify: (5z° + 322 — 3) — (22> + 722 — 7z + 2)
Find the difference: i
(62° + 22 — 5) Solution
(32492 -z 47) Horizontal Subtraction: Recall thata — b = a + (—1)b.
Answer: 92 — 72 + 7 — 6 (522 +322 =3) = (-2 + 722 =z +2) =522 + 322 =3+ (= 1)(-2° + 72 — 2 + 2)

Distributethe —1: = 5z° + 322 =3+ 223 - 72+ 7z -2
Rearrange terms: = 5z° + 27° + 322 = 722+ 2z -3 -2
Combine like terms: = 7723 — 422+ 7 — 5

Vertical Subtraction: Line up like terms, change the sign of each coefficient of the

Work Smart second polynomial, and add.

Be careful with subtraction: The z zZ 72 z 2 72

sigr ofev.ei]y termsftl;\e secznij/ - 573 + 322 -3 573 + 372 -3

polynomial must be changed. Vertica 3 2 3 2

subtraction will be used when we —(227 4727 —z42) > 422 — Ttz -2

divide polynomials. 73— 422+ 27 -5 [

Copyright © 2019 Pearson Education, Inc.



Quick v4

Section R.9 Adding and Subtracting Polynomials CR-73

In Problems 22-24, simplify by subtracting the polynomials.

22. (5x° —6x2 +x +9) — (4x® + 10x% — 6x + 7)
23. (8> =52+ 3y +1) — (—=3y> + 6y + 8)

24. (8x%y + 2x%y?

_ 7xy2) _

x> —16x* + Tx + 2
11y? — 5y — 3y — 7

(=3x%y + 5x%? + 3xy?)  11x%y — 3x%? — 10xy?

J

CERIC{HIY MyLabMat

® Underlined exercise numbers have complete
video solutions in MylabMath or may be
accessed using the QR code to the right.

Problems 1-24 are the Quick Vs that follow the EXAMPLES.

Building Skills

In Problems 25-32, determine the coefficient and degree of each
monomial. See Objective 1.

25. 3x* 3;2 26. 5x* 5:4

27. —8x2y3 -8;5 28. —12xy —12;2
4 o 4 S5s 5

29. 3x 5.6 30. 3Z *5,5

31.2 2:0 32. -7 -7;0

In Problems 33-36, state why each of the following is not a

polynomial. See Objective 2. 33-36. Sece Graphing Answer Section.

33. 271 + 3x M.6p3-p2+3p!
4 2+ 2
35. 36. ~
7= X

In Problems 37-52, determine whether the algebraic expression is a
polynomial (Yes or No). If it is a polynomial, write the polynomial
in standard form, determine the degree, and state whether it is a
monomial, a binomial, or a trinomial. If it is a polynomial with more
than three terms, say the expression is a polynomial. See Objective 2.

37.5x> = 9x + 1 Yes; 38. —3y> + 8y + 1 Yes:
5x* — 9x + 1;2; trinomial —3y? + 8y + 1; 2; trinomial
—20 1

39. — No 40. — No

n X

41. 3y + 2 No 42. 8m — 4m: No
5

43. g Yes; 2: 0; monomial 44. —12 Yes;—12;0;

monomial
45.5 — 8y + 2y°  ves: 46. 7 — 5p + 2p* — pPPves:
2y2 — 8y + 5;2;trinomial
47. 7x 1+ 4 No 48.4y"2+ 6y —1 No

49. 3x%y? + 2xy* + 4 Yes; 50. dmn® — 2m*n® + mn®
2xy4 + 3x2y2 + 4; 5; trinomial

51. 4pqr + 2p*q + 3}761}I 52. —2xyz> + Tx’z — SY%Z
No No

50. Yes; mn® — 2m?n® + 4mn’; 9; trinomial

—p® + 2p* — 5p + 7;3; polynomial

In Problems 5376, simplify each polynomial by adding or
subtracting, as indicated. Express your answer as a single polynomial
in standard form. See Objective 3.

53.57° + 87> 137 54 10y* — 6y* 4y*

55. (2 +5x+1) + Bx* —2x—3) 4> +3x—2

(5x*+2x+7) 6x>—2x+38

(x?
56. (x> —4x +1) +
57. (

6p3—p +3p —4) +

3

(2p° — Tp + 3)
8p *p *4p*l
58. (2 3—w +6w—5)+(—3w3+5w2+9)
—w3 4+ dw? + 6w + 4
59. 8> +4x? —3x+1 60. —7n° + 2n*> — 5n — 3
+ -3 —2%*-3x +7 +2 -5 +n+ 1
73+ 2x% — 6x + 8 -5 —3n? — 4n — 2
6l. (5x* +9x +4) — 3x*+5x+ 1)

2x? + 4x + 3
62. (7y + 9y + 12) — (4y* + 8y — 3)
3) + y + 15
63. 7s t + st2 — 5t — 8) — (45%3 + 5512 — 7)

3 45t — 5t — 1
2x3y3+7xy—3) (x%y?
—3x*y3 — 592 + 6xy
3—5x+x) (2+3x—5x2)
—4x% — 2x + 1
3—51+3z)+
42*’52*2

6 -2y +y) - (=2+y" = 2)%)
'5y17yf2v+8

8—:) (1 +3t+ 32+ 1)
=22 — 32— 3t + 7

64. + 52 +xy—3)

65.

66. (1+ 2z + 7%)

67.

68.

3 1 2 1 5 555, 7 1
7. (- + =+ (22 + = —)y’-&-y—
4y g 3> <2y 12 "6)4 24 6
= 8x2y + xyz) +
8x? y — Tx?y — 3xy?
72. (7a°b + 9ab® — 4a°b) + (—4a’b + 3a’b — 8ab?)
3a°b — a’b + ab*
73. (3x%y + Txy? + xy) —
xzy + llxy2 + 2xy

(

(

(

(-

(

(
69. (ix2 + %x + 3) + <;x2 - %x - 2) 2}62 + Zx +1
(
71. (5x

(?»czy2 + x2y = 4xy2)

(2x%y — dxy® — xy)
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74. (— Sxy + 3xy — 9y?) — (5xy* + Txy — 8y?) 83 (4n—3) + (n* —9) — (2n* — Tn + 3)
—-10 ’W“ — 4\\7 —y° 1/13 — 2]’12 + 11n — 15
75. 94 +2%—5a-8 76, —11p>+8>—p—7 8. (- 1)+ (*-9) - (¥ + 2 - Ty +3)
—(5a°> — 24>+ a—6) Sl i DDAl YTy - 13
3 2 _ . . 3 272 o
da’ + 4a” — 6a — 2 10p” +3p" = 2p =8 Explaining the Concepts 25 ?7—88 See Graphing Answer
ccluion
Applying the Concepts 85. Explain the difference between a term and a
3 5 5 monomial.
71. AddSZx —5x +3t0o—4x” +x*—2x + 1.
X +xt—Ux+4 86. How many terms are in a binomial? How many
78. Axdd72)lcl - 3x =S¢+ Ttox’ +3x% — 6x — 4 terms are in a trinomial? 2;3
79. Subtract 46° — 6% + 3b — 1from2b> + 5b2 — b + 3, , L .
—ob3 + 6b2 — 4b + 4 87. Give a definition of polynomial using your own
80. Subtract 2¢°> — 3¢* + 7q — 2 from words. Provide examples of polynomials that are
—5¢° + ¢ +2g — 1. —7¢° + 4> — 5¢ + 1 monomials, binomials, and trinomials.
In Problems 81-84, simplify each of the following. 88. Explain why the degree of the sum of two
sl. (sz —3x+1) + (X2 +9) — (42 —2x — 5) polynomials is at most the degree of the polynomial
) S of highest degree.
82. (»* + 6y = 2) + (4% —9) — (2y* — 7y — 10)
3y? + 13y —
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R.10 Multiplying Polynomials

R oy

Objectives Multiplying polynomials is based on the Product Rule for Exponents (Section R.8)

© Multiply a Monomial and and the Distributive Property (Section R.2). The following example will help review
a Polynomial these concepts.

© Multiply Two Binomials

© Multiply Two Polynomials

@ Multiply Special Products

( EXAMPLE 1 ) Review the Product Rule for Exponents and the
Classroom Example 1 Distributive Property

(a) Simpliy: (3x/%) (~5¢y°) (@) Simplify: (2a%) (—6a%b*)

(b) Remove parentheses: 3(m — 4)

Answer: (a) —15%%° (b) 3m — 12 (b) Remove the parentheses: 2(z + 3)
Solution
(a) (2a°p) (—6a’b*) = (2(=6)) (a’~a?) (b-b")
Product Rule: @™+ a" = a™*": = —12a>*2p!*4
= —12a°p°

(b) The Distributive Property is used to remove parentheses:

NN\
2(z +3)=2-z+2-3

=2z+6 [ ]
Quick v
In Problems 1-4, simplify each expression completely. All exponents should be
positive.
1 (3x°)(24%) & 2. (—74°%) (3ab*) —21a%°
3. <§x4) (185x> %xS 4 —3(x+2) -3x-6
J

® © Multiply a Monomial and a Polynomial

Example 1(b) shows that in multiplying a binomial by a monomial, the Distributive
Property is used to remove the parentheses. In general, when multiplying a polynomial by
a monomial, use the following property:
In Other Words
The Extended Form of the
Distributive Property says to
multiply each term in a(by +by+--- +b,) =a-by+a-b,+--- +a-b,
parentheses by a.

Extended Form of the Distributive Property

DD D EDED D]

where a, by, b,, ... , b, are real numbers.

( EXAMPLE 2 ) Using the Extended Form of the Distributive Property

Classroom Example 2 Multiply and simplify each of the following expressions:

Multiply and simplify each expression:
(a) 2°(x> + 3x + 5) @ 327 (x* + 4x + 2)

1 oa(4 2 1) 13<22+6 +3>
(b)ZyZ <3VZ + 8y + 4 (b) 2xy 3xy 5y 1
Answer: () 2x* + 6x3 + 10x? )

25 23,1 3 (continued )
(b) 3V + 4y°z° + )7
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Solution

(a) 37 (x? + dx 4+ 2) =3x7-x% + 3x7-dx + 3x7-2

I (2 , . 6 3>
— o P + P + P
(b) s <3xy 5y

Quick v/

= 3x* + 12x% + 6x?

l*c"-*xz+lx3-§ +1x3-§
PR I AT SR S A S

4

—_

3 3
= —x%’ + Zxy* + Sxy?
3xy 5xy 8xy o

In Problems 5-7 multiply and simplify each expression.

5. 5x(x* + 3x + 2)

5¢° + 15x% + 10x 6. 2xy(3x2 — Sxy + 2y?)
6x’y — 10x%y? + 4xy’

4 2 1 X
74 iy2 <y2 + —y + 6) y4 + 1y*’ + 4y2
47 \3 9 3 6
J
Teaching Tip
Advise students that they will (2) Multiply Two Binomials
be reversing the process later.
Here, we change a product To find the product of two binomials, distribute the first binomial to each term in the
into a sum. Later, we change a second binomial. Just as with addition and subtraction of polynomials, use either the
sum into a product. horizontal or the vertical format.
( EXAMPLE 3 ) Multiplying Two Binomials
Classroom Example 3 Find the product: (3x + 4) (2x — 5)
Find the product: (2y — 3) (5y + 6) .
Answer: 10y? — 3y — 18 Solution
VERTICAL MULTIPLICATION HORIZONTAL MULTIPLICATION
3x + 4 Distribute 3x + 4 to each term in 2x — 5.
X 2x =5 m
2—15x —20 =53 +4) | (3x+4)(2x—5) = (3 +4)(2x) + (3x + 4)(=5)
bx & 8x < 2x(3x+4) Distribute: = 3x+2x + 4+2x + 3x+ (=5) + 4+ (=5)
6x% = Tx = 20 = 6x + 8 — 15x — 20
Combine like terms: = 6x*> — 7x — 20
In either case, (3x + 4) (2x — 5) = 6x* — 7x — 20. {
The FOIL Method

To multiply two binomials, a method known as the FOIL method can also be used. The
acronym FOIL stands for First, Quter, Inner, Last and is used to help remember the order
in which terms should be multiplied, as illustrated below.

Work Smart
The FOIL method is a form of the

Last
F (0] | L

(ax + b)(ex +d) =ax-cx +ax-d +b-cx +b-d

Distributive Property and can be used A
only when two binomials are being W

multiplied.

Quter
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( EXAMPLE 4 ) Using the FOIL Method to Multiply Two Binomials

Classroom Example 4 Find the product:
Find the product: @ (49 —3)(2y +5)
(@ (2a +5) (3a = 4) M) (2m + n) (m — 3n)
(b) (4y + 2) (y — 2z)
Answer: (a) 6a®> + 7a — 20 Solution
(b) 4y? — 7yz — 272
First Last
s U F © L
(@ (4y —3)(2y +5) =4y-2y +4y-5—-3-2y —3-5
T = 82 + 20y — 6y — 15
Outer = 8y? + 14y — 15

() 2m +n)(m —3n) = 2m-Fm + 2m9(—3n) +n|°m + nl-_(—Sn)

= 2m? — 6mn + mn — 3n?
= 2m?® — Smn — 3n? o

Quick v

8. The acronym FOIL stands for First, Outer, Inner, Last.
In Problems 9-11, find the product.

9. (x+4)(x+1) ¥*+5c+4 10. 3v +5)(2v —3) &> +v—15
11. (2a — b) (a + 5b) 24> + 9ab — 5b°

J
© Multiply Two Polynomials

Work Smart ‘When multiplying a trinomial by a binomial or a trinomial by a trinomial, make repeated use
When multiplying polynomials, it is a of the Extended Form of the Distributive Property. The approach is similar to the one used
good idea to write the polynomialsin ~ in Example 3. It is a good idea to write each polynomial in standard form. Although either

descending order of degree. the horizontal or the vertical format may be used, only the horizontal format is presented.
( EXAMPLE 5 ) Multiplying Two Polynomials

Classroom Example 5 Find the product:

Find the product: 2

(b) (X2 + 4x + 2) (2% — x + 5) (b) (x?+5x +2) (26> — x + 3)

Answer: (a) 2 + 13x*> + 13x — 3 luti

(b) 2¢* + 7,3 + 5% + 18x + 10 Solution

(a) Begin by distributing the binomial 3x + 1 to each term in the trinomial.
(Bx+ 1) (x> +4x —3) = Bx+ 1)-x*+ (3x + 1)+dx + (3x + 1)+ (-3)
Distributive Property: = 3x> + x> + 12x*> + 4x — 9x — 3
Combine like terms: = 3x + 13x* — 5x — 3
(b) Distribute x> + S5x + 2 to each term in the second trinomial.
(P +5x+2)(22—x+3) = (&7 + 50 +2)-20%+ (X + 50 +2) - (—x)
+ (¥ 4+ 5¢+2)3
Distributive Property: = x?+2x? + 5x+2x% + 2+2x% + x*+ (—x)
+ 5% (—x) + 2+ (—x) +x*3+5x-3+2-3
= 2x* + 10x° + 4x? — x> — 5x% — 2x + 3x?
+ 15x + 6
Combine like terms: = 2x* + 9x3 + 2x? + 13x + 6 ()

Copyright © 2019 Pearson Education, Inc.



CR-78 CHAPTERR Elementary Algebra Review

Quick v 12.2y° + 5y — 2y — 15
In Problems 12 and 13, find the product. 13.27% = 52 + 722 — 16z + 12
12. (2y —3)(y* + 4y +5) 13. (2> — 3z +2) (22 + z + 6) y,

® O Multiply Special Products

Certain binomials have products that result in patterns. These products are called special
products.

( EXAMPLE 6 ) Products of the Form (A — B)(A + B)

Classroom Example 6 Find the product: (x — 7) (x + 7)
Find the product: (n — 5) (n + 5)

) Solution
Answer: n° — 25

Use FOIL and obtain
F (0] | L
(x=—7Y(x+7) =xx+x7—7x—-7-7
=x>+7x — Tx — 49

Work Smart 2
=x*—-49 ®

When products of the form

(A = B) (A + B) are multiplied,
the “middle terms” will always

be “opposites” and therefore

sum to 0. Also, do not forget )
multiplication is commutative. Difference of Two Squares

I:er—ef;r)ei/gA:Bl)a)iAAz_—B )32: A = Bl By = =

The following rule is based on the results of Example 6.

( EXAMPLE 7 ) Using the Difference of Two Squares Formula

Ry = 2 _ g2
Classroom Example 7 (a) (A+B)(A-B)=A~-B

(F;;u.&lze:cr Er)o(dZLLct; . (3x +2)(3x —2) = (3x)? — 2?
(b) (4 — 767 (4a £ 762) =9 — 4

Answer: (a) 4x* — 25 (b) A = 2mand B = 5n?
(b) 16a® — 49b* |
(2m — 5n%) (2m + 5n%) = (2m)? — (5n%)2
= 4m* — 251 o
Quick V4

Classroom Example 8 14. True or False The product of a binomial and a binomial is always a
Find each product: trinomial. False
(a) (3p +4)° 15. (A— B)(A + B) = £~ B
(b) (2x — 5y)°
Answer: In Problems 16 and 17, find each product.
() 9p” + 24p + 16 16. (5y +2)(5y —2) 257 -4 17. (7y + 22°) (Ty — 22%)  49)* — 42°
(0) 42 — 200y + 252 (Sy +2)(5y —2) 25 (7y ) (7y ) 49 2y

( EXAMPLE 8 ) Products of the Form (A + B)2or (A — B)?

Find each product:
(@) (4x +3)? (b) (3z —5)2
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Work Smart Solution
A+ B)? # A+ B
EA_B;Z#Az_BZ @) (4x +3)2 = (4x +3) (4x + 3)
Whenever you feel the urge to = (4x)? + 4x-3 + 4x-3 + 3?
perform an operation that you're not s
quite sure about, try it with actual = 2+4x-3
numbers. For example, does = 16x% + 24x + 9
(3 +2)% =32+ 222 NO! )
SO(A+B)2#A2+BZ (b) (32_5) = (32_5)(32_5)
= (3z)> - 3z:5—-3z:5+ 5
= —-2:3z-5
=9z — 30z + 25 °
Example 8 leads to some general results.
Squares of Binomials, or Perfect Square Trinomials
(A+ B)>= A+ 2AB + B?
(A—B)?=A—-2AB + B?
( EXAMPLE 9 ) Using the Perfect Square Trinomial Formulas
Classroom Example 9 (A+B)?2=A +2AB  + B
Find each product: !
(@) (n+8)° @ (w+52=w2+2-w-5+5
Elc’)) ((;XZ N 8232)2 — w2 + 10w + 25
Answer- (A-B)2= A —-2AB + B
(@) n® + 16n + 64 5 l ) 5
(b) 4922 — 287 + 4 b) (6p —5)"= (6p)" —2+6p-5+5
(c) 9x% + 48xy? + 64y* = 36p> — 60p + 25
() (3x + 5y?)2 = (3x)? + 2-3x-5y* + (5y%)°
= Ox? + 30xy? + 25y* [ ]

Work Smart

If you cannot remember the formulas
for a perfect square, do not panic! Use
the fact that

(A+B)2= (A+B)(A+B)
and then FOIL. Use the same

reasoning with perfect squares of the
form (A — B)2.

Quick v

18. (A—B)?= A -24B+B%(A + B)?>= A +24B + B~
19. x? + 2xy + y?is referred to as a perfect square trinomial.

20. True or False (x + a)*> = x*> + a* False

In Problems 21 and 22, find each product.

2. (z — 8 ;22— 167 +64 22.(6p + 5)* 36p> + 60p + 25

RN SN MyLabMat

® Underlined exercise numbers have complete
video solutions in MylabMath or may be
accessed using the QR code to the right.

Problems 1-22 are the Quick \/s that follow the EXAMPLES. 27. 5x (x2 + 4x + 2)

Building Skills

28. 6y (y> — 4y + 3)

5x3 + 20x% + 10x 6y — 24y + 18y

29. —4a’b(3a® + 2ab — b?) —124*b — 8a°b* + 4a’h°

In Problems 23-34, find the product. See Objective 1.

23. (5xy?) (—=3x%3) —15x%° 24. (9a°b?) (—3a°h°) —27a°b7

12 15 2 (32 _ 9 .3 132 3 4.4 212
szy><x4y3> oxy 1.3ab(4ab Zab® + 6ab | Ja'b? — ' + dalh

3 3 20 3,215

2

30. —3mn’ (4m* — mn + 5n%) —12m°n® + 3mPn* — 15mn°

[

4
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5 4 6 3 2 . 3 In Problems 65-78, find the special product. See Objective 4.
32. xy( X%y — —xy + —xy ) ;\'"y2 — 3x%? + Zx2y3
2 15 3 10 3 65. (x — ?(2 (x +6) 66. (y + 91) (y —9)
/ . R x? -
33. 0.4x*(1.2x% — 0.8x + 1.5)  0.48x* — 0.324° + 0.6x? 67 (a + 8)2 68. (. b +3)2 B4 6b+9
34. 0.8y (0.4y% + 1.1y — 2.5) 032)° + 0.88y> — 2y a’ + 16a + 64
v (0.4y y—25) 03 v 69. 3y — 1)2 70. (47 — 5)2
o 9y? — 6y + 1 162> — 40z + 25
In I.’rol.Jlems 3548, find the product of the two binomials. See 1. (5a + 3b) (5a — 3b) 72. (8y + 32) (8y — 32)
Objective 2. 9542 — 9p? i)
Sa 9b 64y — 9z
35 (x +3) (x + 5) 36. (y = 2)(y - 6) 7. (8z +y) 74. (4a + 7b)?
x* + 8x + 15 yP— 8y + 12 64z + 16yz + y* 16a*> + 56ab + 49b*
3. (a+5)(a—3) 38. (z—8)(z +3) 5. (102 = y)? 76. (7p — 3q°)°
a* + 2a — 15 72— 5z — 24 100x* — 20x%y + y? 49p* — 42pq* + 9q*
39. (4a + 3)(3a — 1) 40. (Sx —3)(x + 4) 77. (a® + 2b) (a® — 2b)  78. (m? — 2n’) (m* + 2n°)
12a°> + 5a — 3 5x2 + 17x — 12 a® — 4p? m* — 4n®
41. (4 — 5x) (3 + 2x) 2.(2-7)6 +2) Mixed Practice
=10k = T8z <~ 12 —14y? — 31y + 10 . :
(2 ) (1 ) ( Z ) ( 1) In Problems 79-100, simplify the expression.
3. | -x+2||zx—4 44, +4 =
=\3" 2" 27 % 79. 5ab(a — b)? 80. —3x (x — 3)2
1o 5 _¢ 2+ B,y 5a°b — 10a°b + Sab® —3x + 18x% — 27x
3 K /
45. (4a +3b) (a — 5b)  46. (3m — 5n) (m + 2n) 8L (x> +3) (x> =3) ' -9
4a® — 17ab — 15b> 3m® + mn — 10n? 3 3 6
47 (23 + 1) (x> = 3) 48 (32— 5)(x* +2) 82. (b° —10) (b +10) b° — 100
4_ g2 4 2 _
S e 1o 83 (2+9)(z-3)(z+3) -8l
In Problems 49-64, find the product of the polynomials. 84, (yz FAY(y+2)(y - 2) V- 16

See Objective 3.

49. (x+1)(x2+4x+2)
x>+ 5x% + 6x + 2
a—2)12a® +a-5)

85. (2 +3)2 4S+ 128+ 9

50. (y —2)(y* + 5y — 3)
¥+ 3y? — 13y + 6
6a®> — a* — 17a + 10

948 — 12a* + 4

(
51. 86. (3a* —2)2
(

6b3 + 5b% — 4b + 3 87. (2m —3n)(4m +n) — (m — 2’1)2 Tm? — 6mn — Tn’

88. (6p +q)(5p —2q) — (p + 3q)2 290 — 13pg — 1147

x> —=3x+09)

53. (522 + 3z +2)(4z +3) 207 +272 + 172 + 6

89. (x + x®+ 27

(3

52. (2b + 3) (3b*> — 2b + 1)
(

54. (

3P —5p +3)(Tp — 2) 21p° —41p> + 31p — 6 3)(
2y +3)(4y> — 6y +9) 8°

1 90. ( + 27

55. —Ex(Zx +6)(x —3) —x+ 9% 1\2
o1. <2x 2) a2 ’2”3’1

4
56. —k(k+7)(3k —9) —4k®— 16k> + 84k 1)\2

3 92.<3x+3) 9 + 2% + =

7 (4 + 2y — 3 + 293 + 13y2 + 17y — 12

E ( y)(y . Sy) Y Y 7y 93. p+2)3 p +6p +12p + 8

58. (3+2z)(2+5—-3z) 22-322+z+15

9. (z —3)° 22-92+272-27

59. (w2 +2w + 1) (2w? — 3w + 1)
2wt + w3 —3wr—w+1

(a*> + 4a + 4) (3a*> — a — 2)

95. x—5y+2)(3x—2y+1)
21x% — 29xy + 13x + 10y? — 9y + 2

(
(
(
60. 96. (2a+b—5)(4a—2b+ 1)
(
(
(x

3a* + 11a® + 64> — 12a — 8
61. (b +1)(b—2)(b+3) b +26—5b—6 8"*‘8‘1*%*1”’*‘

( ) ( ) ( ) b +20°-5b-6 9. 2 - 1)(p+3)+ (p-3)(p+3)32+5 — 12

. - + + >+ 9a* + 3a —

62. (2a —1)(a+4)(a+1) 24+ 9a>+3a — 4 98. (32 +2)(z —2) + (2 +2)(z—2) 424z —38
63. (2ab + 5) (4a* — 2ab + b?) 5

8a%h — 4a%b* + 2ab® + 204> — 10ab + 5b? 226 (22 & 3) (x e lgx +_82) = G+ D= =3)

_ 2 2 x*t—x— 19 vc

©s (@ = 2) oo o 2y o G7) 100. (a +2) (a—2)(a® — 4) — (a +3)(d® - 3)

x’y + 2x7y° + 4xy° — 2x° — 4xy — 8y~ 4 3

at —a® — 11a® + 3a + 25
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/\ The product of polynomials can be visualized by using the area of
rectangles. In Problems 101-104, find a polynomial expression for
the total area of each of the following figures.

101. x>+ 6x

X 4

102. 2x% + 9x + 10

103. 4x 5 4x% + 29x + 30

104. x 2 x> +4x + 4

/\In Problems 105 and 106, write a polynomial expression for the area
of the shaded region of the figure.

105. 2x + 4 4 + 1lx + 6
x+2
3x—1 2x -5
106. 3x + 4 5x* + 10x + 6
x+2
2x +1 x—1

Section R.10 Multiplying Polynomials CR-81

/\ 107. Perfect Square Why is the expression (a + b)?
called a perfect square? Consider the figure below.

a b

A = a* A, = ab;
Ay = ab; Ay = b?

(a) Find the area of each of the four quadrilaterals.

(b) Use the result from part (a) to find the area of
the entire region. a* + 2ab + b?

(¢) Find the length and width of the entire region in
terms of @ and b. Use this result to find the area
of the entire region. What do you notice?

A= (a+b)(at+bh)
= (a+b)?
=a* + 2ab + b*
/\ 108. Area Express as a polynomial in standard form the
area of the shaded region in the figure shown.

—4x% + 96
12 — 2x

8 —2x

In Problems 109-116, find the product.

109. [3x — (y + 1) J[3x+ (y +1)] 9W?—)y* -2y — 1
110. [5— (a+b) ][5+ (a+b)] —a®>—2ab — b* + 25

111 [2a + (b — 3)]% 4d® + 4ab — 12a + b*> — 6b + 9

112[(}?1-}—4)—}1]2 m* + 8m — 2mn + n* — 8n + 16
113. (2 +3)(2—4) 2> -2"-12
(3*-9) 3*-10(3") +9

2o 2() +1
2 g(2%) +16
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